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P-STABILITY OF A CLASS OF METHODS
DERIVED FROM THE TAU METHOD

Nota di Maria Rosaria Crisci e di Elvira Russo
Presentata dal Socio Carlo Ciliberto

Adunanza del 14/1/89

ABSTRACT

This paper is concerned with the stability analysis of a class of methods derived from the
tau method, for certain periodic second order differential equations.

It is proved that the methods are P-stable for every order n if the polynomials chosen in
the perturbation term are symmetric in the integration range.

Key words: Second order differential equations, tau method,
P-stability

C.R. Categories G.1.7.
1. INTRODUCTION

The tau method was introduced by Lanczos [5] [6 p. 464] in order to obtain polynomial
approximants of functions, which are solution of particular differential equations of
whatever order.

The class of differential equation to which the tau method can be applied is that which
maps polynomials into polynomials (for cxample, linear differential equations with

polynomials coefficients).



The approximating polynomial y,, (x), of degree n, is the exact solution of the differential
equation obtained by appending to the right hand side of the given equation a perturbation
term of the kind:

5
Ho(x)= 2 7 Vi)

i=0
Hy, (x) is a polynomial, whose degree m depends on the degree n of the approximating
polynomial through the differential equation, linear combination of polynomials Vi(x)
(k = m-s...m) suitably chosen, with coefficients 1; which are determined, together with
their number s, by the method.
We emphasize that, for every choice of V}, (x}, polynomial basis for the perturbation
term, we obtain a class of methods, varing the degree n of the approximating polynomial.
The corresponding method will be said of order n.
Let-Wy (x) be a polynomial of degree k. Then the polynomials Vi (x) in the perturbation

term can be given by:

(1.1} Vi(x)=Wi® k=m-s..m
or
(1.2) Vi(x)=xkms W, . (x) k=m-s..m

“In the most of cases Wy (x) is an orthogonal polynomial shifted in the integration range.
Afterwards the tau method has been extended to linear systems of differential equations
with polynomial coefficients [2].

Moreover the tau method has been applied step by step [2] [7] [9] and so its stability
propertics are of interest.

The results already obtained are the following:




- The tau method applied to systems is A-stable when ihe Wi (x) are the Chebyshev first
kind [1] or Legendre [10] polynomials . )
- The tau method applied to a second order differential equation, without first derivative,
has finite periodicity intervals when the perturbation term is a linear combination of
ultraspherical polynomials [3].

Therefore, when a differential equation of order greater to one has to be solved by the tau
method it appears convenient, from the stability point of view, to reduce it to a system of
first order differential equations. However, the amount of calculations involved is

considerably greater in this latter case than in the first one.

Starting from these considerations and with particular regard to the second order periodic

differential equation
y” (x) = £ (x, y(x))

we construct an algorithm which is equivalent to apply the tau method to the system of
first order equations obtained by the given equation, but that requires pratically the same
computational effort than the tau method applied directly to the equation.

We prove that, if the polynomials Wy (x) are symmetric in the integration range, the

method under consideration is P-stable for every order n.

2. THE METHOD

Let us consider the differential problem:

A) y(x)+B(x) y(x) = C(x) X0 SXSXf
(2.1 y(x0) = yo
Y (%) = ¥'o



where A(x), B(x), C(x) are polynomials of degree respectively p, q, d.

Let us subdivide the integration range into subintervals [x;, xj+1,] of size h, and let us
denote by y! , y2 the approximate values of y(xi) and y’ (x;) furnished by the method
under consiidelatlion.

They are obtained in the following way:

Let n be an integer arbitrarialy fixed and let ly,(x) be the polynomial of degree n exact

solution of the problem:

) s+1
(2.2 A(x) y’n(x) + B(x) fyp(x) = C(x) + it iVp(x)+ I i Ve (%)
j=1
X1 =X= X

(2.2) Tyn(%i.1) = y1
i-1
(2.27) iy n(xi.1) - o 1Vp(xj.1) = y2
i-1
where
yl =Yo
(o]
y2 =¥o
[+]
Then we put:

@3y =iy

1

(2.4) ‘ Y_z =iy,n(xi) 'iTo iVn(xi)

1

As already said in the introduction n is the order of the method applied and the iV (x) are




polynomials suitably chosen.

Now the construction of iy, (x) is discussed.

First of all let us introduce the canonical polynomials, which are an useful basis for
tyn(x).

They have been completely treated in [8], and we report here only the definitions and
results, tailored for the operator under consideration, essential to our purposes.

In order to introduce the canonical polynomials, let us premise some definitions.

DEFINITION 2.1

The m-th generating polynomial of the differential operator (2.1) is:

Py (x) =m (m-1) A (x) xm-2 + B (x) x™m

Pm(x) is a polynomial of degree at most m+f, where f = max {p-2, q}.

Then we can write:
m+f

(2.5 Pnp(x)= & pm xk
k=0 k

Let S be the set of integers g such that none linear combination of Ppy,(x) has degree g. S
is a finite set, and s = card (S) in this case is such that [8]:
s< f+2

Let us put:

(2.6) S={g1,82..8s}

and let K ¢ be the polynomial space spanned by
{xgi} i=1..s

Now the canonical polynomials can be defined.



DEFINITION 2.2
The m-th canonical polynomial is the polynomial Q,(x) such that:

(2.7 AX) Q'm0 +B(x) Qp(X)=xm+Ry (x) meN,-S

where Ry, (x), said the m-th residual polynomial, belongs to R ;.

From the (2.6) Ry,(x) can be written:

s
(2.8) Rp(x) =X on xg meN,-8
o

The canonical polynomials and the residuals are connected by the following recursive

formulas, useful for their construction ([8]):

m+f-1
(2.9) Qum+x)=1pm (xm - X pm Q;(x))
m+f i=o
43
m+f-1
(2.10) ptf = Jppm  (pm . E pm ) j=1..s
j m+f gy i=e i ]
iZS

where p™ are the coefficients of the generating polynomial (2.5).

b1

Now the yn(x) can be constructed. In fact, denoting by ¢y and v the coefficient of x?
k

respectively in C(x) and Vp(x), for the linearity of the differential equation and for (2.7)

it is obvious that iy,(x) has the following expression [8]:

d n s+1 n+j-1
(2.11)  lyy(x) =X o Q(x) + itg X kvn Qi (x)+ £ i X watil Qg (x)
k=o . k=1 X -1 k=0 k
s kfs kfS

where s is the cardinal of the set S and the parameter 175 j=0, 1 ... s*1 are solution of the

10




linear system:

d n s+l n+jl
L aQuxy) + it £ kvn Qui(x.)+ L iy I wotil Qg (xp.p) =yl
k=0 k=1 &k j=o k=0 k i-1
kfs s kS

d n

L o Q1)+t (I kva Qpp(xi1)-iVy(x1) +

k=o k=1 k

ks s

(2.12)
s+l n+j-1
+L gL vl Qux.g)=y?
=1 k=0 k i-1
ks
d n stl  n+j-i s+l
Logr+igL kwm kel + X i T vatj-l Kk = +ig, gvn+ I igy yntj-1
k=0 1 k=1 k 1 j=1 k=0 k 1 1 g =1 g
ky'S S kS 1 1
I=1..s
obtained by imposing that (2.11) is solution of (2.2).
1 2

After that ly, (x) has been constructed, the approximate values y i, y i, can be easily
computed by (2.3) (2.4).

Now the following remarks can be done:

Remark 2.1
The step by step tau method applied to the differential problem (2.1) computes the
approXimate values of
y(xi) and ¥’ (), let us say respectively z! , z2 , in the following way [9]
i i

Let iz (x) be the polynomial of degree n solution of the problem:

11




s+1

A %X +BX) Zm(x)=C+L 5 Vo)

j=o
(2.12){ iz (xi.) = 2!
il

iz,n (x5.1) = z2
i-1

‘Then:

(2.13) z! =iz, (x)

1

(2.14) 22 = iz (x))

1

As the construction of iz, (x) is performed analogously to iy, (x) it is obvious that the
method introduced in this section has pratically the same computational effort than the tau

method applied i0 (2.1).

Remark 2.2

The differential problem (2.1} can be written as the system:
Y1(x)-y2(x) =0

Ax) yo(x)+B(x) y1(x)=C(x)
(2.15)

y1 (x0) = yo

y2 (x0) = ¥'o

"The 's't:e:p by step tau method applied to (2.15) approximates the values of y; (), y2 (X} .

by ul ,u2 , computed in the following way [2].
i i

12




Let (fuly (x), luZ; (x)) be a vector such that inl, (x) j = 1,2 is a polynomial of degree n

and;

(2.16") il '(x) - 2, (x) =10 IV, (%)

s+1
(2.16”) A(x) 2 (x)+B(x) Il (x)=Cx)+ I it iVpyy (x)
j=1

(2.167) | fulp (xi.p= ul 1
N

2.161V) \ 12, (x.9) = w?
1-

Then

217 ul =l (g

1

(2.18)  w? =12 (x)

i

We don’t report here the details of the construction of (fu, (x), iu2, (x)) as discussed in
[2], since it is behind our purposes.

This method is equivalent to the method previously introduced. In fact, (2.2") can be
obtained deriving (2.16") and substituting in (2.16”), and the (2.2”), (2.3), (2.4) follow
obviously from (2.16™), (2.16IV), (2.17), (2.18) taking into account the (2.16").
However, to solve the problem (2.16) as indicated in [2] requires a computational effort

substantially greater than to solve (2.2).

Remark 2.3
The method has been introduced here for a second order differential problem without first

derivative because of its periodicity properties.

13



However, it is obvious that it can be trivially generalized for a differential problem of

whatever order.

3. STABILITY ANALYSIS

The stability analysis of the method under consideration can be carried out in two ways:
proving that it is a D-method [4] or applying it to the second order differential test

problem:

(3.1) Yy () +ayx)=0

(3.1 { v(x0)=yo

(3.1 | Y (x0) = ¥0

‘We prefer this latter way, as it is more straightforward.

Without loss of generality, we can consider only the first integration step. Then xe(x,, x1)

and we can drop out the index of the integration step.

For the differential operator (3.1} the set S is empty so the perturbed problem (2.2} is:
Y'n(x) +32yy () =70 Vi (x) + 11 Vo (x) X0 S XS X|
(3.2) { yan (x0= yo
¥u (x0) - To Vn (X0} = ¥0

We emphasize that the polynomial V,(x) and the order n are arbitrarialy fixed.

14




Let Q(x} be the m-th canonical polynomial of the differential operator (3.1) and let v be
k

the coefficient of xk in Vp(x).

Let us put:

(33) Ta(x) = I v Qu{x)
k=0 &k

For the linearity of (3.1) and since the set S is empty, it is obviously:
(G4)  Th() + A 2Ty (%) = Vu(x)

Therefore yn(?(), solution of (3.2}, can be written:

(3.5 wm@) =1 Tpx)+ 11 Ty(x)

and T, '11, are solution of the system:

o Tnixo)+ 11 Ty (x0) = yo
(3.6)
[ To [T (x0) - Vi (x0)] + 11 Ta (x0) = ¥
Therefore, solving the (3.6) and using the (3.4) we have:
B.7 10 =(yo Talxo)-¥o Ta(x))/A

(B.8) T = (yoA? Ty (x0) + Yo Tn (x0)) /A

where:

15




(3.9) A = Talxp) +A2 T2 (x0)

n

The values y! = yq (x1), ¥2 = ¥y’ (x1) - To Vi (x1) are given by:
1 1

(3.10) y! =y (Ta(xo)Tn(x1) +22 Tp (x)Tn xD)/A . +
1 j ‘

+ ¥o (T,n (x0) T, (x1) - T (x0)T'n (xl)) /A

(3.11) y2=yo (A2 [Tn ()T (x1) - Tn(x0} Tn xDD/A  +
1

+vo (A2 Ty (x0) Ta{x1) + T'n (x0) T'n (x1) }/A

Therefore we can write:
/ yl o Yo
1
=8
2 y
¥ Yo

1

where S is the stability matrix, whose elements are given by:

(3.12) s11 = (7\2 Tn (x0) Ty (x1) + Ty (x0) T'n (x1) )/A

(3.13)  sp2= (Th(x0) Ty (xp) - Tn (%0} Tn(xp) )/A

(3.14)  sp1= (T (x0) T (xy) - Tn (x)Ty (x1)) /A

(3.15)  sp2={(A2 T (x0)Ty (x1).+ T (x0) T (x1) )/A

where A is given by (3.9).
The elements of the stability matrix can be expressed through the polynomial Vy(x}. In.
16




fact, let V,*(x) be the polynomial V,(x) shifted in [0,1] and let us put z = (hA)-! where h

= X} - Xg is the integration step. Then the following lemma holds:

Lemma 3.1 -

The elements of the stability matrix have the following expression:

21 /2]
(3.16) s;p= 1/(A2A) [X (-1DV*2) (0)z2k L (-1} kv*2k) (1)z2k +
k=0 n k=0 n
{n/2] [nr2]
+X (1) kV*2k+1) (0)z2k1 £ (- l)kV*(2k+1) (1)z2k+1]
k=0 n k=0
(/2] (/2]
(3.17) s12= 1/(A3 A1) [Z (-D)kv+k+1) (0)z2k+1 T (-1) kV*2K) (1)z2k -
k=0 n k=0 n
[n/2] fn/2]
- }: (1)kv*(2k)(0)z2k L (1)kv*(2k+1) (1)z2k+1]
k=0
[n/2] [n/2]
(3.18) sp1= L/(AA)) [ DRV (0)z2k ¥ (-1) kV*(2k+1) (1)z2k+1 .
k=0 n k=0 A
f/2} 2]
-X ({1 kV‘(2k+1) (0)z2k+1 z‘, (- 1)kV*(2k) (1)z2k ]
k=0 k=0
[n/2] [n/2]
(3.19) sp-= 1/(7\2A;) [ (-DEV*2R (0)z2k X (-1)kv*(2k) (1)z2k +
k=0 n k=0 n
[ns21 nf2]
+X (1) kV*(2k+1) (0)z2k+1 E (-1) kV*(2k+1) (1)z2k+1 ]
k=0 n k=0 n

17



where

[n/2]
(3.20) Ap=1/22 (T (-1)kv*(2k+1) (0)z2k+1)2
k=0 n

[n/2]
+(Z DRV (0)z2kp2
k=0

n

Proof:
As it be easily verified:
[n/2]
(3.21) Tax)= 1/22 L (-1)* (Va2 (x) )/ a2k
k=0
Moreover, it is:
Vo () = V'@ (1/h (x-xq)) /b j=0..n

n

Then the (3.16) - (3.20) follow by (3.9), (3.12) - (3.15) with elementary algebraic
manipulations.

Let us put:

(3.22) pi= (A2 Ta(x) Ta(x1) + Talx0) T(x1)) /A

(3.23)  p2= A [Thix) Talxy) - Tulxo) Trixpl/A

(3.24) p= py+iu

where i is the imaginary unity.

Then the following theorem can be proved.

18




Theorem 3.1

The eigenvalues of the stability matrix S are p and [1.

Proof:

Let us consider the matrix:

Then:

f 1 : A
\

and with elementary algebraic manipulations we have:

" 0 -

p-1 sp =( }

y 0 H/

and so the result is proved.

Let us observe that, from (1.1), (1.2) as s=0, and so m=n, we have in both the cases:
Vi (x) = Wy (x}

Now the P-stability of the methods can be proved, under the hypothesis that Wp(x) is
asymmetric in the integration range [xo, x;]. We emphasize that this hypothesis is
satisfied be the most frequently used perturbation term, where the Wy(x) are the
Chebyshev (I and II kind), and Legendre polynomials, and also if Wy(x) are the

ultrapsherical polynomials shifted in [xg, x;].

19



Theorem 3.2

Ef Wp(x) are symmetric, the class of methods is P-stable for every order n.

Proof:

In this case, from (3.21) we have:
Ta (x{)) =(-1pn Ta (xl)
T {x0) = (- 1)1 T, (x1)

Then from (3.9), (3.22), (3.23)

H1= (1P (A2T2 (x0) - T2 (x0))/ (A2 T2 (x0) + T'y2 (xg))

n n

p2= (12 (23 Ty (x0) T (x0))/(A2T2 (x0) + T2 (x0))

n

Therefore

,p|2=p2 T |
1 2

and the thesis is proved.

20
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HIGHER INTEGRABILITY OF THE GRADIENT

OF MINIMA OF CERTAIN FUNCTIONALS

Nota di Nicola Fusco e Carlo Sbordone
Presentata dal Socio Carlo Sbordone
Adunanza del 4.02.89

Riassunto. Si da un risultato di maggiore sommabilita per |l
gradiente di un minimo locale di un funzionale

/ o F( Du ) dx
con ¢, tP- ¢, <F(t) <c; (1+t9), (p<q).

Abstract. A higher integrability result is stated for the gra-
dient of a local minimum of a functional

| o F(1 Du ) dx

with ¢, tP-c, <F(t) <c; (1+t), (p<a).

Let us consider the functional

Q) = jQ_F(I Dv I) dx



where Q is a bounded open setin R", v:Q --> RN, (n,N>1) and the
integrand F:[ 0,+c)---> [ 0,4+e) is a convex function.

The minima of these functionals have been extensively studied
when F verifies control assumptions of the type

(1) ¢y tP-cy S F(t) Sy (1+19), ¥t>0

with p=q. ( [3],[4],[6]).

In this note we state a result concerning higher integrability of the
gradient Du of a minimizer of | in the case g>p.

We say that ueWT":c (@, RN) is a minimizer of I(v) iff V wve w*! (Q,
RN)
with supp v << Q,

I(supp v ,u) < I(supp v , u+ v ).

We have the following

THEOREM Let F:[ 0,4%)—> [ 0,+e) be an increasing convex function

(2) p F(t) <tF'(t) < q F(t) for a.e. t>0

where ng/(n+q) < p <q. Then. if u €W}, (@, RVN) _is a minimizer of
I(v), there exists r>1 such that F(|Du|) e L', (Q)

An example of a function verifying the assumptions of the theorem
for any n is :
F(t) = tP log (1+t) (p>1).

24



REMARK Condition (2) is equivalent to suppose F()/t P increasing and
F(t)/t9 decreasing, and it implies that F(i) satisfies the growth
conditions (1), but it may happen that the exponents p,q appearing in
(2) are not necessarily the best ones in order (1) to hold.

For example, the convex function

J. et3 if O<t<e
F{t) =

4+ senlfoglogt

1 if t>e

verifies (2) with p=4- Y2 and g= 4+ V2 and verifies (1) with p=3 and
g=>5.

Moreover, if 4-{2 < r < 4+\2, F(t)t' is neither definitely increasing
nor decreasing.

REMARK 2 If p>n, then, in the theorem, g can be any number such that
g 2p and the result also implies local Holder continuity for the
minimizers.

The proof of the theorem is obtained combining a suitable version
of Caccioppoli inequality ( [6 ]) with the following extension of the so
called Gehring lemma.

LEMMA Let A: [ 0,400)---> [ 0.+°$) be an increasing convex function
such that, for 1<p<q
p At € tA'(t) < qAl) for a.e. t>0.

life ' (©)isanon negative function such that for any ball B, <

Q

fB Alf) dx < c; A( f'B fdx)+ ¢y,
fh f

25



then there exists r>1 such that

,‘BP/A' (fdx < ¢, AY fBPf dx ) + ¢\
T

where the constants ¢, do not depend on f.

Let us note that the proof of the lemma can be obtained by an
argument which is different from those of [1] 2] ,[41].[5].

26
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ON SOME INTEGRAL INEQUALITIES

Nota di Bianca'Stroffolini
Presentata dal Socic Carle Sbordone

Adunanza del 4/3/89

Riassunto

Utilizzando un lemma di Paley-Zygmund, si prova, sotto
opportune ipotesi, che un peso w che soddisfa la condizione
Ay di Kérman e Torchinsky, soddisfa una condizione A, . Con

la stessa tecnica si riottiene un lemma di Gehring sulle
disuguaglianze di HSlder al contrario.

Abstract

By using a Paley-Zygmund's lemma, we prove, under
suitable assumptions, that a weight w, satisfying the Ao

condition of Kerman and Torchinsky, satisfies a A%

condition. We reobtain a Gehring's lemma on reverse H&lder
inequalities.

§1. INTRODUCTION

In [4] Kerman-Torchinsky consider an inequality of the type
(k>1)

(1.1)  hwdx) @y 01 (1/w) dn) <

for any cube QC R with sides parallel to the axes, where (3
is an increasing, non negative function on [0,e],with @(0)=0

and w: R® —[0,e) is a weight, where we set 469 = (1/|Q!)JQ9.
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They prove that, under suitable assumptions on ¢ , (1.1)
is a necessary and sufficlent condition in order that the
inequality

(1.2)  Jgo ®ME) wdx < Co Jgn @ (I£1) wdx

holds for any measurable f, where

x .
(1.3) @) =J, o(s)ds.

In this way they extend a well known theorem by Muckenhoupt

[6] relative to the case @¢(t) = tP-1, p>1.

Namely, they assume that the convex function P(t) verifies

the A,-condition together with its conjugate (see the
definitions in section 2), and they prove that (1.1) and
(1.2} are equivalent and imply the condition:

(1.4 3m>0 ¢ (b wax) @y g @q~t (1/w) dx) sk

for any parallel cube Q€ R® , where

(p'fl(s) =9 (s1/(1+m)y |

The aim of this paper is to consider also functions @ whose

conjugate does not verify the Aj-condition. It is well known

that, in this more general situation, the implication

{1.1)=(1.2) does not hold (see e.g.[7]}); nevertheless, we
prove that the implication (1.1)=(1.4) continues to

hold,under rather general assumptions (see section 3).

an example of a function which verifies our assumptions is:

d(t) = tP{l+a log,(1/t)), p>1,a<min {1,p(p-1)/(2p~1)}.
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In section 4 we consider also some cases in which from (1.1)

it is possible to deduce that the weight w satisfied the Ap-

condition, for a p>l; for example ®(t)=tlog(l+t).

We get these results using a suitable extension of a

classical Paley-Zygmund lemnma.

In section 5 we prove that, following the same lines of
the proof, we reobtain also a well known Gehring‘s'lemma

about reverse HSlder inequalities.

§2.

In this section we state some lemmas which are similar to a
classical Paley-Zygmund lemma (see [8] and also [2] for some

generalizations) .

Lemma 2.1 [2]
Let ¢ be a measurable fupction on & measuxe space (X, B, u)
and EcX a measurable set with U(E)>0 and g20 on E. Fyrther
let A, B>0 verifv:

1) e g aw 2 a>0;

(i1) f; gP du)l/p <B, where p>1.
Then, for any & & (0,1):

(2.1) P{=EE :g{x) >BA} 2 W(E) [(1-8)A/BIFR/(P-1)

Lemma 2.2, Let @ [Q,+00) [0, 40} be an increasing function

and let v:E—f0,+400) be a measurable function on (X, B, 1) FeB.

31



Let A.B>0 verify:
(1) @y vdp) 2a;
(ii) f (1/@(v)) dus B.
Then, there exists 8.<1 such that V8&(0,8,):
(2.2) W{xEE: v(x) >3 1(A)}2U(E) [1-Bp (3ol (mn))].
Proof. For 8>0 set Eg = {x€ E: v(x})>8 @71 (A)}.
Then, for xEE-Ej we have @(v{(x)) < Q¢ 1(A))
and so:
(2.3)  Jg_gs (1/0(v)) dup(E-Eg) /(¢ (3p~1(a))1.
From (2.3) and (ii) it follows:
W(E-Eg) / (L(E) ¢Be~1(a))1 <% (1/@(v)) duss
and so:
K (E-Eg) SWU(E) Bo(Bo~1(a)).
The result follows choosingd, = min {1, 1(1/B)/¢~1(R)}.
Lemma 2.3, Let @:[0,+e0) [0, +») be an increasing function
and let w: E—[0,+e) be a measurable function on (X, B, p).
EeB. Further let A, B>0 verifv:.
(1) fz wdp2a>0;
(i1) oy ¢1(1/w) ap) <B.
Then there exists 8,< 1 such that, for any 83§, :

(2.4) pix EE:w(x)>8A)2u(E) [1-[@~1(B) /@ 1(1/6A)]].

Proof: For 8>0 set Egy =" { %X € E: w(x) >8A}

Then, for x £E-Ej we have ¢ 1(1/w) 2¢~1(1/8A)
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and so:
(2.5)  Joog, 071 (1/w)op 2 W(E-ExeI(1/8a).

From (2.5) and ({ii) it follows:
[L(E-Eg) /L(E) ] [071(1/88)] < % ¢~ 1(1/w)ydns @ 1(B)

and so:

L(E-Es) <p(E)[ @ 1(B)/¢~1(1/8m)].

The result follows choosing 8, = min {1,1/AB}.

Remark 2.1. If ¢@(t)=tP~1 (i) and (ii) become:
Asfwan ; B2t wil/e-D guye-l

and (2.4): W{XEE:w(x)>3AI2U(E) [1-(§ AB)1/{(p-1}] V&<1/AB.
We ‘say that the convex function

k
@)y = |, ¢(s)ds

where @{(s) is an increasing function defined on [0,+e); with

@(0+)=0 wverifies the Aj-condition if there exists B>l such
that:
$(2t) £ BO(t) Vi>0.

The conjugate of ®(t)is the convex function ®(t) defined
by

~

£
Dty = J, ¢71(s) ds.

The following lemma by Coifman—-Fefferman will be crucial for

the sequel [1].
Lemma 2.4. Let weLl;,.(R%,dx) and suppose that the condition

(A'o) [{x€Q:w(x)>Pmg(w) ) |>0|Ql  where mg(w) = ‘fb wdx
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holds for some positive constapts o, B, _for any cube QO with

sides parallel to the axes. Then there exists c,Mn>0

independent of Q such that the reverse H&lder inequality
w1 g/ M) < oy wix) dx)
Q Q

holds for all cubes Q.

§3,

7 3] o . . : . L Fyd ]
Arx~condition,with ©(0)=0 such that:

{(3.1) e@(st)< c @(s) @(t) Ys g(0,1), Vt>0
and lgt' w be a weight verifying:

(3.2)  fy wax) o, o1 (1/w) axy<k

for any cube O with sides parallel to the axes, with k21,
Ihen there existg N>0 such that, setting @q(t) =@(t1/+M ),
{3.2) holds with ¢ replaced by ¢

Broof. Let v=¢~l(1/w) then (3.2) becomes:
(‘.{'Q (1/¢{v))dx) (p(:[’Q vdx) £ k V cube Q.

Using lemma 2.2 with A = ¢(fy vdx), B =1, (1/¢(v)) dx,
we have AB < K and

(3.3) |{xeQ: v(x) >8¢~1(a)}(21Q| [2-Be(dp-1(Aa))]
for & < min {1, @1 (1/ck)}:

In fact (3.3) holds for 8 such that ¢ (8¢~1(d)) < 1/B; now, if
d<p1(1/ck), we have:

(3.4) o) < 1/ck £ 1/cAB

and from (3.1):
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(3.5) oBp~1(a)) <c @@B)A
that is, @@)>{i/ca) @@Be-l(a) ).
Therefore, putting together (3.4) and (3.5) we get:

o(B9p~1(n)) < 1/B.

Using (3.5) we have:

[{xEQ: v{x)> & ’fQ vdx} [2]Q| [1-cBA ¢(8)]2]Q| [1-c@(d) k]
for 8<min{i, ¢ 1(1l/ck)}
that is a condition {A'.).
Using lemma 2.4 we have:
‘JLQ V1+T] < c(jLQ V)l+1)

for all cube Q with sides parallel to the axes;

then, substituting v=¢-1(1/w) and P (£)=@(t1/(1mM)y

dy ot (1/man /A < Ty @1 (1/w)ax)
and also using our assumption (3.2}

(3.6) @ oy 1 (1/w) dx) <& fop2(1/w) dx)<cr @ o1 (1/w) dx) <
SC']‘(/J’QW N

In conclusion, we have:

o wax) @ doon™ (1/w)dx) <c'k.

Example, The function ®(t) = tP(l+alog; (1/t)),p>1 is
submultiplicative, increasing and convex when a< min

{1,p{p-1}/(2p-1)1}.
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$4. Now we consider another assumption on ¢
Plcst) 2 @(s) o(t) Vse(0,1), t>0 , that is:
c@~l(u) ¢ (v) 2 @ l{uv)  Vue(0,@(l)), v>0

and we prove that the Ag condition implies an Ay condition

for a p>1.

Iheorem 4.1. Let ¢be an increasing function, ¢(0) =0 such
that

(4.1)  @{cst) 2 @(s) @(t) Vse(0,1), t>0

(4.2)  fy wan) @dgpl(1/wrax) <k.

for all cube © with sides parallel to the axes, with k21,
Then. there exists p>] such that wea,.

Bzoof. Using lemma 2.3 with A = fywdx and B=p (oo~ (1/w)dx),

E=Q, we have ABR<k and
(4.3) | {xeQ:w(x)>BAa}|21Q] [1-[9~1(B)/01(1/8a)]]
for 6L (1/¢c) /k.
In fact (4.3) holds for 3<1/AB;
now if d<@(1l/c)/k, we have @~1(3) <@ l(p(1/c)/k)
and, from (4.1), ¢ 1(8)<@~1(1/k)< ¢~1(1/AB)
that is, 6< 1/AB.
From {(4.1) we have:
(4.4) [¢71(B)1/[@71(1/8A) 1=1¢~1 (BAB/8R) 1/ [¢~1 (1/8A) 1<co~1 (8AB)
Substituting (4.4) in (4.3);

(A') | {x€Q:w(x)>Bmg(w) )| 2[1-cp™1(3aB)] |QI2[1-cp~1(8k)]|Q]

for 8< @(1/c) /k.
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From lemma (2.4), there exists an N>0 such that:

4wl dx < Ty Wi

for all cube @ with sides parallel to the axes.

Example: The function P (t}=tP log(l+t), p2l1 is supramul-
tiplicative and for p=1 its conjugate @ doesn't wverify the

As-condition.

§5. In this section we prove that,following the same lines
of the proofs of §3 and §4, that is via Paley-Zygmund's
Lemma, (Lemma 2.,1), we reobtain a classical Gehring's

theorem about reverse integral inegualities. For 1l<p<+w a

nconnegative weight g€LP .. (RP) verifies the GP condition [3]
if there exists a k>1 such that

(5.1)  y oP ax) /P < xdfy gax)

for each cube Q with sides parallel to the axes. We give

another proof of the following theorem {3]:

Iheorem 5.1, Let g be a wejght verifying the Gy condition,
then g has higher integrability; that is, there exists a T1>0
such that;

(5.2) o gPIM) dx < ey gP) 1.

Proof. We observe that, from H&lder inequality and from

{5.1) we have:

(5.3) 4o gdx <y g dx) /P < kidy gdx

for each cube with sides parallel to the axes.
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Using lemma 2.1 with

a=f, gdx, B = xfy gax, E=0
we.get, from (5.3), B=kA and
(5.4) |{x€E:g(x)>8R}|2|Q| [(1~8)A/BIP/(P-V=j0} [(1-8) /x]P/(P-1),
Therefore, from (5.1), we have:

(mg(g))P = thy ¢)P 2 (1/kP) y gPdx) =(1/kP) my (gP)

and then:
(5.5) |{=xeQ:gP (x)>5P[mQ(g)]P}IS!{XEQ:QP(X) >(8/k)P[mQ(gP)]}I
for any Be(0,1).

From (5.4) and (53.5) we get a A',, conditicon for gP:
(B'x) | {x€Q:gP (x) >(8/k)P[mg(gP) 1112101 [(1-8) /k1p/(p-1),

Using lemma (2.4) we get the desired conclusion.
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LATE RATHER THAN EARLY TERTIARY DEFORMATION
OF EXTERNAL DINARIDES.
STRATIGRAPHIC EVIDENCE FROM MONTENEGRO

o
Nota di Rajka RADOICIé, Paola DE CAPOA & Bruno D'ARGENIO
Presentata dal Socio ordinario Brunc D'Argenio.

Adunanza del 6 maggio 1989

Riassunto. Vengono presentati i primi dati biostratigrafici
che ringiovaniscono dal Paleogene al Miocene medio — (7)
superiore l'eta dei depositi terrigeni coinvelti nei
sovrascorrimenti delle Dinaridi Esterne. Da cid deriva che
le deformazioni che hanno colpite questo settore dell!'Oro=
gene Periadriatico sonc sostanzialmente coeve di quelle
delle zone esterne dell'Appennino e del Sud Alpino.

Abstract. Biostratigraphic analysis of terrigenous sequences
involved in thrust tectoniecs in +the External Dinarides
(Montenegro) reveals that these deposits have middle - (?)
late Miocenic, rather than Palecgenic age. It follows that
the orogenic deformation wich affected this sector of the
Periadriatic Mountain Belt developed basically at the same
time of that acting on the external zones of Apennines and
Southern Alps.

1. Introduction

In the European approach to the study of mountain
belts the inception of terrigencus deposits {"flysch") in
the "geosynclinal" domains has been viewed, since the
thirties, as forerunner of deformation, being the
extrabasinal clastic influx considered as good evidence of
dismantling mf close relief, rised by compressional
tectonics. Likewise in a nappe within a nappe pile, the
youngest age proved at the tgp of a conformable "flysch'



sequence suggests the +timing of the overlying nappe
emplacement.

In the last decades, together with a plate tectonic
based geodynamic re-interpretation of the 'alpine" belts of
the Mediterranean, a vast literature has been produced on
the structural organization of +this region, while the
relative timing of evolution has been continuously uptoda=
ted, according to the advancement of the modern biostrati=

graphy.

For the External Dinarides, western sector of the
wide belt running ‘from the Periadriatic Lineament to the
Scutari-Pec 1line (KaBER, 1929; AUBQUIN, 1963), an Early
Tertiary age of deformation has been traditionally accepted
(see, f.i., AUBOUIN, 1960, 1963; CELET, 1977; DERCOURT et
al., 1988}, Infact datations based mostly on foraminifera
pointed out a late Eocene-Oligocene age for the topmost con=
formable terrigenous ("flysch") levels of known sequences,
downwards grading intc older Paleogene and Mesozoic layers,
either of basinal or of shallow water facies.

In contrast, for the facing external sectors of the
Apennines, as weli as for more northern segments of the
Periadriatic Belt (Northern Apennines and Southern Alps),
Neogene +timing of deformation has been since the late
fifties largely recognized and documented, using <the same
tectono-sedimentary approach (e.g. ACCADEMIA DEI LINCEI,
1973; OGNIBEN et al., 1975).

In the present paper a number of biostratigraphic
evidences, primarily based on coccolithes, are offered to
show the Miocenic (rather than Paleogenic) age of
terrigenous deposits sampled in Southern Montenegre, where
they form part of the sequences of the External Dinarides
nappe pile. We are aware of the influence that thﬁe
findings (briefly and informally anticipated in RADOICIC &
D'ARGENIO, 1988, page 57; DE CAPOA et al., 1989) may have
on a re—evaluation of the local as well regional tectonic
history. As a matter of fact, it appears that a Miocene time
interval of deformation for the whole external domains of
Dinarides, Apennines and Southern Alps, calls for a new and
better documented discussion on the tectonic evolution and
mechanisms of the entire Periadriatic Region.

2. Geology of the Ulcinj District

The area dlscussed here after, already desorlbed in
a few papers (LUKOVIC & PE?FOVIC, 1952; VIDOVIC 1965;
BURIC 1966; ROKSANDIC & CANOVIC 1971), is part of & 15 by
about 50 ¥m NW-3E trending mountain group, rising up to some
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1000 m above sea level between the Adriatic Sea and the Lake
of Scutari (Skadarsko Jezero), W of the River Bojana (fig.1),

In the coastal sector of the above mountains,
extending from the town of Bar to few kilometers SE of Ulci=
nj, the follewing four tectonic elements, trending NW-SE,
may be singled cut: U101nJ—Mendre, BlJela Gora-Mavrijan, Mo=
zura—Brlvska Gosa and Volquca—Sasko Brdo (LUKOVId & PETKO=
VIC 1952; RADOICIC & D'ARGENTO, 1988).

These structures consist of narrow overturned antis=
clines thrust to the SW, and are formed by Cretaceous-Eccene
shallow water limestones, passing to Eocene-0Oligocene pela=
gic 1limestones and marls and than to terrigenocus deposits;
the latter, formerly considered of Paleogenic age, are here
dated as Miocene.

The terrigenous younger part of these sequences is
mostly preserved in narrow belts, at lower elevation, where
it may be seen to abut against or to steep below these
structures, with complex tectonic relationships.

The paleogeographic domain from which the Ulcingj
structures derive is the Adriatic Carbonatic Platform
(D'ARGENIO et al., 1971), a Mesozoic-Early Tertiary realm
of shallow water sedimentation. The predeformation history
of this sector follows a pathway typical for the Periadria=
tic Region: (1) it individuated in the Late Triassiec, (2}
subsided sluggishly up te the Late Cretaceous (accumulating
probably more than 3 Km of evaporitic and carbonatic depo=
sits) and underwent short emersion (documented by bauxites
and paleckarst) at the end of Mesozocic times; then (3) shal=
low water sedimentation again developed in the Early Tertia=
ry for a short interval, followed by (4) drowning and tran=
sition to pelagic deposits which, in turn, underwent gra=
dually but rapidly (5) terrigencus influx.

Our data here after mostly deal with the last two
items (for other information the reader may refer to the
above quoted papers and to RADOICIC & D'ARGENIO, 1988),

3. Stratigraphic outline of Mozura—Brivska Gora structure

The Mesozolc sequence of Ulecinj District is out=
cropping only from the Uppeg Cretgpeous. Clder strata are
only known in the subsurface (CANOVIC, 1965)}.

The MoZura-Brivska Gora element, which is facing the
Adriatic coast and is the moat easily accessible {particu=
larly along the Ulcinj-Bar roadcuts), provides a gdod idea
of the stratigraphy of the whole area (fig. 2).

The lowest strata consist of no more than 60 m of:
- (a) rudistid limestones and dolomitized limestones, inclu=
ding stromatolitic levels and breccias, indicating a
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very shallow water environment of deposition. Rudistid
(Bournonia, Durania, Katzeria, Fundinia, Gorjanovicia,
Biradiolites) and foraminifera (Accordiella, Keramosphaeri=
na, Scandonea, Minouxia, Dicyclina) suggest a Turonian (?) -

Coniacian age. )

- (b) The last few meters of this interval are almost bar=
ren, while Microcodium is often developing, together with
some evidence of karstic solution. Lenses and pockets of
bauxite +then follow to mark a disconformity which may be
observed at regional scale.

The next marine deposits are already of Tertiary
age. They are formed by about 50 m of well bedded limestones
which upwards include two intervals:

- (e¢) fine grained limestones (mudstone to wackestone with
dasycladaceans and foraminifera, among which rare Spirolina,
then packstone with Nummulites sp. and Fabiania casis)
passing to foraminiferal limestones (packstone with Disco=

cyclinids and rare, small Nummulitids);

— (d) nodular limestones, with pelagic forams and small
bioclasts (Discocyclinids and Briozoans) which are topped by
a distinct hardground. Above follows:

— (e) marly limestones (about 20 m) grading upwards into
thick (about 150 m) alternations of sandstones and siltsto=
nes capped by about 1 m of calcarenites and fine grained
calcirudites, which here form the topmost stiff layer of the
sequence, exhumed by weathering.

The intervals from (c) to (e) exhibit a clear trend
from a shallow regime (more restricted to some how open
shelf type) into a pelagic environment of deposition,
through a drowning episode and a compositional change in
the biogenic component.

In a few meters, and with apparent continuity,
terrigenous admixture to the clayey deposits increases,
giving rise to the interval (e), more than 150 m ?pick (at
least 500 m according to LUKOVIC & PETKOVIC, 1952)
and formed by alternations of silty clays and sandstones
and capped by calcarenites.

Accoqding to th% previous Authors (PAPP & AMSEL,
1961; LUKOVIC & PETKOVIC, 1952), who have also studied
samples from the deep borehole "Ulcinj" (éANOVIé & D%ODED,
1958), this part of the sequence is of pre-Neogene age, or
even of pre-Oligocene age (PAVIé, 1970 and Geological Map of
Jugoslavia, 1:500.000 scale, 1970).

4. Biostratigraphy
We have made a preliminary biostratigraphic
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analysis of the calcareous nannofossils of the Moéura se=
quence, with particular regard to the last interval.

From a first collecting we have examined 3 samples
from the 1lower part of the interval (e}, well spaced among
them, and 4 samples located in the upper part of the same
interval. The feollowing is a brief account about their study
(see Tables I to IV).

A first sample (n. 025.801) was collected from the
base of the interval (e).
Markers: Cyclicargolithus fleridanus (ROTH & HAY) BUKRY,
Isthmolithus recurvus DEFLANDRE, Pedinocyclus larvalis
(BUKRY & BRAMLETTE) LOEBLICH & TAFPPAN, Reticulofenestra
oamaruensis (DEFLANDRE & FERT) STRADNER, Sphenolithus
pseudoradians BRAMLETTE & WILCOXON. ’
Age: Upper Eocene.
Biozone: upper part of CP 15b, Isthmolithus recurvus subzone
OKADA & BUKRY 1980 = NP 20, Sphencolithus pseudoradians zone
MARTINI 1971 = P 16p.p. BLOW 1969, BERGGREN et al. 1985,

A second sample (n. 025.802) was collected few me=
tres above, in the lower part of the same interval.
Markers: Helicosphaera euphratis HAQ, Pyrocyclus hermosus
ROTH & HAY, Reticulofenestra hillae BUKRY & PERCIVAL,
Ericsonia obruta PERCH-NIELSEN {acme zone}.
Age: Lower Oligocene.
Biozone: CP 16a — CP 16b, limit between Coccolithus subdi=
stichus e C. formosus subzones OKADA & BUKRY 1980 = NP 21,
Ericsonia subdisticha zone MARTINI 1971 = upper part of
P 18 BLOW 1969, BERGGREN et al. 1983.

A third sample (n. 025.803} comes from the
middle part of the interval (e).
Markers: Ccccolithus miopelagicus BUKRY, Cyclicargolithus
abisectus (MULLER) WISE, Discoaster adamanteus BRAMLETTE &
WILCOXON, Discoaster calculosus BUKRY, Helicosphaera recta
HAQ, Helicosphaera truempyi BIOLZI & PERCH-NIELSEN.
Age: Upper Oligocene,
Biczone: CP 19b, Dictyococcites bisectus subzone OKADA &
BUKRY 1980 = NP 25, Sphenclithus cipercensis zone MARTINI
1971 = P 22/N 3 BLOW 1969, BERGGREN et al. 1985,

Four samples (from 025.804 to 8Q7) were collected
in the upper part of the interval {e), aiming at sampling
the most recent part of the terrigenous sequence. All 4 sam=
ples have yelded Miocenic nannofloras as follows:

Markers: Discoaster bollii MARTINI & BRAMLETTE, Disceoaster
calcaris GARTNER, Sphenolithus abies DEFLANDRE & FERT,
Sphenolithus grandis HAQ & BERGGREN.

Age: Upper Serravallian.

Biozone: upper part of CN 6, Catinaster coalitus zone OKADA
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& BUKRY 1980 = upper part of NN 8, Catinaster coalitus zone
MARTINI 1971 = N 13 BLOW 1969, BERGGREN et al. 1985.

It may also be added to the above data that one
from the 4 samples (n. 025.807) includes also Discoaster cf.
mendomobensis WISE, whose first occurrence is in CN 8b,
Discoaster neoerectus subzone OKADA & BUKRY 1980 = upper
part of NN 10, Discoaster calcaris zone MARTINI 1971. Should
the last species be found in the analytical work now in
progress, also the Lower Tortonian would be documented in
the studied sequence.

Study in progress in the Ulcinj district also in=
cludes detailed sampling of the terrigenous part of the se=
quence (interval e) in a section cropping out North of Gola
Glava, between Mozura and Safko Brdo structures (fig. 1).
The following preliminary data from this section may be
anticipated.

The base of the interval (e) has yelded a Late Eo=
cene age, while the Oligocene develops for more than 30-35
m. The base of the Miocene deposits (Helicosphaera gertae
BUKRY) follows at about 1 m, and is already rich in fine
terrigenous material. The next 97 m have yelded Miocenic
nannofloras, spanning between Aquitanian and Upper Serraval=

lian - (?Lower Tortonian).

Similar results also came from scattered samples
collected around the Kotor Bay (road from Herceg Novi to
Gruda) as well as from other sites along the Adriatic coast
or even from the more internal High Karst (Dinaric Carbonate
Platform) zone. We note also that further findings could
disclose younger age too, because very high reworking
precludes often a quick age determination.

Reworking deserves a final comment, because it
increases upwards steadly in the lower part of the interval
(e) and very rapidly in its terrigenous middle-upper part.
The ratio of non-reworked to reworked taxa (considering only
one specimen per each species) changes from 3:1 (Upper Eoce=
ne - Lower Oligocene) to 1:1 (Upper Oligocene — Lower Mioce=
ne) to 3:1 (Middle - ?Upper Miocene).

We also counted 500 nannofossils from a sample of
Upper Serravallian age, where the non reworked/reworked ra=
tio reaches 1:16 (28 non-rw. to 472 rw. specimens, excluding
long ranging species, like Coccolithus pelagicus or C. mio=
pelagicus).

The above figures suggest for nannofossils cumula=
tive effects of reworking merely with elapsing time in
the- terrigenous basins of the migrating Dinaric foredeep, a
process not yet well understood in its subtle mechanism.
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5. Final remarks

The External Dinarides are traditionally considered
as an Alpidic segment formed mostly during the Early
Tertiary, consistently with the Palecgenic age assigned to
the terrigenous deposits conformably topping their folded
and thrust sequences as well as with the time of deformation
of the adjacent Hellenides and Alps (AUBQUIN 1963, CELET
1977, DERCOURT et al. 1986).

A biostratigraphic study of these sequences has on
the contrary revealed Miocenic nannofossils amidst higly
reworked older fossils. Younging the age of the terrigenous
deposits, changes the timing of compressional deformation in
the region, thus offering different tectonic scenarios to
the regional geodynamic restoration and models.

Therefore, while +the Southern Apennines, thrust
during the Neogene onto the Apulian Foreland, were formerly
considered as facing a Dinarie segment already defaormed du=
ring the Paleogene with opposite vergence, we need now to
regard also the Southern Dinaric fold and thrust belt deve=
loping during the late Tertiary times. It seems reasonable
to assume that similar situations may be found also more
to the north.

The general implications of these new time rela=
tions among the Periadriatic orogenic segments call for
very high mobility and decoupling at upper lithospheric
levels. The above new boundary conditions appear very
promising in the present circumstances of impending opera=
tions for deep seismic sounding in Southern Italy.

- Rajka Radoiéié, c/o Geozavod, P.0O. Box 275, 11001 Beograd,
Jugoslavija, .

- Bruno D'Argenio, Pacla de Capoa, Dipartimento di Scienze
della Terra, Largo 8. Marcellino 10, 80138 Napoli,
Italia.
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Fig. 1. Schematic geologic map of the Ulcinj~Bar area (after

BURIC, 1966). .,

Key (according RADOICIC & D'ARGENTO, 1988): 1. Con=
tinental deposits, Holocene - Late Pleistocene;
2. shallow marine to continental deposits, Pleisto=
cerie; 3. terrigenous deposits, Miocene; 4. "pelagic"
carbonate depesits, Oligocene - Upper FEocene;
5. Open shelf carbonate deposits, Eccene-Paleocene;
6. carbonate platform deposits, Upper Cretaceous.
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PLATES

PLATE 1

Fig. 1: Discoaster tani BRAMLETTE & RIEDEL, sample 025801.
Fig. 2: Discoaster nodifer (BRAMLETTE & RIEDEL) BUKRY, sample
025801.
Figg. 3-4: Isthmolithus recurvus DEFLANDRE, sample 025801.
Fig. 5: Isthmolithus recurvus DEFLANDRE, sample 025802.
Fig. 6: Cyclicargolithus floridanus (ROTH & HAM) BUKRY, sample
025802.
Figg. 7-9: Sphenolithus pseudoradians BRAMLETTE & WILCOXON,
sample 025801.
Figg. 10-11: Reticulofenestra oamaruensis (DEFLANDRE & FERT)
STRAANER, sample 025801.
Fig. 12: Chiasmolithus oamaruensis (DEFLANDRE) HAY, MOHLER &
WADE, sample 025801.
Fig. 13-14: Pedinocyclus larvalis (BUKRY & BRAMLETTE) LOEBLICH &
TAPPAN, sample 025801.
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PLATE 2

Figg. 1-3: Helicosphaera euphratis HAQ, sample 025802.

Figg. 4-5: Reticulofenestra hillae BUKRY & PERCIVAL, sample 025802.

Figg. 6-7: Cyclicargolithus abisectus (MULLER) WISE, sample 025804,

Fig. 8: Discoaster calculosus BUKRY, sample 025803,

Fig. 9 Discoaster cf. calculosus BUKRY, sample 025804.

Fig. 10: Discoaster adamanteus BRAMLETTE & WILCOKON, sample
025803,

Fige. 11-12: Ericsonia subdisticha PERCH-NIELSEN, sample 025802.

Figg. 13-14: Ericsonia subdisticha PERCH-NIELSEN, sample 025801.

Fig. 15: Ericsonia obruta PERCH-NIELSEN, sample 025802.
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PLATE 3

Fig. 1: Discoaster druggi BRAMLETTE & WILCOXON, sampie 025807,
Fig. 2: Discoasier formosus MARTINI & WORSLEY, sample 025807.
Fig. 3: Discoaster kugleri MARTINI & BRAMLETTE, sample 025804,
Figg. 4-6: Discoaster bollii MARTINI & BRAMLETTE, sample 025804,
Figg. 7-8: Minylitha convallis BUKRY, sample 025805,

Fig. 9: Discoaster calcaris GARTNER, sample 025807,

Figg. 10-11: Discoasier cf. mendomobensis WISE, sample 025807,

Figg. 12-13: Sphenolithus heteromorphus DEFLANDRE, sample 025807.
Fipg. 14-15: Sphenolithus grandis HAQ & BERGGREN, sample 025806.
Fig. 16: Sphenolithus abies DEFLANDRE & FERT, sample 025804,
Figg. 17-18: Triguetrorhabdulus milowii BUKRY, sample 025806.

Figg. 19-20: Triguetrorhabdulus martinii GARTNER, sample 025805.
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PLATE 4

Figg. 1-2: Helicosphaera recta HAQ, sample 025806.

Fige. 3-5: Helicosphaera obligua (BRAMLETTE & WILCOXON) HAQ,
sample 025806.

Figg. 6-7: Helicosphaera truempyi BIOLZI & PERCH-NIELSEN, sample
025804,

Fig. 8: Helicosphaera truempyi BIOLZI & PERCH-NIELSEN, sample

025806. _ :
Figg. 9-10: Coccolithus miopelagicus BUKRY, sample 025807.
Figg. 11-12: Helicosphaera truempyi BIOLZI & PERCH-NIELSEN, sample
025803,

Figg. 13-14: Helicosphaera scissura MILLER, sample 025807.

Fig. 15: Dictyococcites antarcticus HAQ, sample 025805.

Figg. 16-18: Helicosphaera carteri WALLICH, sample 025804.

Figg. 19-21: Helicosphaera gertae BUKRY, sample 025806.
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INFLUENZA DELLE AGGIUNTE ATTIVE SULL'ALCALI-REAZICNE E SULLA
RESISTENZA A COMPRESSIONE DEL RISULTANTE CEMENTO

Nota di Riccardo Sersale e Giuseppe Frigione
Presentata dal Socio Prof. Rliccardo Sersale
Bdunanza del 3/06/89

Riassunto Gli Autori danne conto dei risultati di una
ricerca, rivolta alla possibile correlazione della riduzione

di espansione - che fa seguito alla reazione degli alcali
con alcuni costituenti reattivi, silicei, talvolta presenti
negli aggregati per calcestruzzo di cemente - con i valeri

attesi di resistenza a compressione. Viene confermato che la
scelta del tipb di cemento, in relazione alla natura ed al
quantitativo di aggiunta stessa, deve esser di volta in
volta commisurato al comportamento meccanico atteso, alle
caratteristiche della struttura da realizzare ed al suo
ambiente di esercizio.

Abgtract The Authors agive an account of an investigation
devoted to the imperative correlation of the expansicn
minimization - due to the reaction of the alkalies with some
siliceous reactive constituents, sometimes present in the
aggregates for cement concrete - with the expected values of
compressive strength. It has been confirmed that owing to
the different behaviour of each addition in the blend, with
reference to its nature and amount, the expected mechanical
strengths must always be proportioned to the type of cement
selected, as well as to the characteristics of the structure
and to environmental conditions.

1. INTRODUZIONE
In una precedente Nota (1) abbiamo dato conto dei ri-
sultatl di una ricerca sperimentale, rivolta a determinare

l'influenza delle aggiunte attive di differente natura




sull‘*abbattimento dell'espansione prodotta dalla reazione
degli alcali con alcuni costituenti reattivi degli aggregati
per calcestruzzo di cemento, interpretandone il meccanismo
anche al lume delle risultanze in letteratura.

A completamento ed ampliamentc delle precedenti inda-
gini, diamo conto di alcuni risultati, da noi pit recente-
mente conseguiti, inquadrandoli altresi negli ulteriori svi-
luppi della tematica.

Una ricerca (2} rivolta a determinare, su barre di
malta e prismi di calcestruzzo, gli effetti dell'aggiunta di
cenere volante, fumo di silice e scoria d'altoforne granu-
lata nella reazione fra gli alcali e tre differenti tipi di
aggregato scelti con i1 propositc di favorire le reazioni:
alcali - silice, alcali - carbonato ed alcali - silicato,
rigpettivamente, ha consentito di avanzare l'ipotesi che il
contenuto d'alcali solubili abbia, si, un ruolo fondamen-
tale, ma c¢he altri parametri, gquali il guantitativo di
CadOH) o disponibile, la permeabilitd delle paste ed il tipo
di reazione alcali - aggregato sianc da tenere anche in
conto. Il ruolo e l'efficacia dell'aggiunta varierebbe in-
fatti in funzione del tipo di alcali reazilone.

Una ricerca dedicata all'influenza del fumo di silice
{3) ha posto in luce la formazione di idrosilicati microcri-
stallini contenenti alcali, moltoc simili al tipico gelo al-
cali - silice. Le proprieta espansive di questi idrosilicati
sembrano strettamente collegate al loro contenuto di potas-—
sio. Con tutta probabkilita, in presenza di fumo di silice,
la formazione locale di un gelo calce - alcali - silice non
¢ dannosa, poiché si produce nelloc spazio disponibile della
pasta e il suo sviluppo in forma espansiva avverrebbe molto
rapidamente, guando la pasta di cemento, ancora sufficiente-—
mente plastica, pud sopportare 1l'aumento di volume senzd che
insorgano tensioni interne. Le caratteristiche morfologiche
di un simile gelo sembrerebbero influenzate oltre che dal
contenutq di potassio, anche dal tempoc e dalla temperatura
d'idratazione.

Uno studio sistematicc sull'influenza delle ceneri vo-

lanti (4) ha mostrato il benefico effetto di guesti mate-—
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riali nella riduzione dell'espansione. A seguito della par-
tecipazione delle particelle di cenere alla reazione pozzo-
lanica si formerebbe un composto cristalline, stabile, non
espansivo grazie al suo alto contenuto di calcio. La sosti-
tuzione di un'aliquota di cemento con ceneri volanti promuc—
verebbe indirettamente un decremento del contenuto di alcali
della soluzione nel pori, sicché soltanto gli alcali solu-
bili, e non quelli totali del conglomerato, avrebbero un
ruclo predominante nell'alcali reazione,

Una ricerca dedicata all'influenza della scoria granu-—
lata (5), sia come aggiunta attiva, sia come aggregato, ha
posto in luce che l'inibizione dell'espansione non ¢ sempli-
cemente addebitabile alla diluizione degli alcali del
clinker, ma ad una specifica azione della scoria. Nello stu-
dio della reazicne dell'idrossido di sodioc con la scoria e
con le ceneri wvolanti, rispettivamente, sono state infatti
riscontrate differenze di comportamento, in quanto mentre le
seconde cedono abbondantemente silice alla scluzione, ridu-
cendo l'alcalinita a seguito del consumo di alcali, la sco-
ria rilascia quantita melto piccole di silice e, quindi, ri-
duce di poco l'alcalinitd. L'alcali della soluzione oprigina-
ria tende, pertantc, ad essere incorporato nella pasta idra-—
tata. E' noto, infatti, che l'alcali della scoria si scio-
glie in quantita molto piccola anche in soluzione di idros-
sido di calcio.

Se & ormal accertato che la migliore misura preventiva
per la riduzione dell‘espansione che accompagna l'alcali re-
azione é rappresentata dall'addizione al clinker Portland di
aggiunte attive di varia natura e se sul meccanismo che re-—
gola 1'abbattimento dell'espansione sono riportare ragione-
voli e valide interpretazioni, anche nella pit recente let-
teratura, non altrettanto si verifica sotto il profileo della
correlazione fra natura e quantitativo di aggiunta attiva,
da un late, e comportamente meccanico del risultante ce-
mento, dall'altro. Abbiamo percid credutoc interessante ap-—
pertare un contributo in tale direzione, effettuando una ri-
cerca sperimentale rivolta a correlare la riduzione di

espansione, conseguibile con l'impiego di aggiunte attive di
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differente natura, addizionate in quantita differenti, ai
valori di resistenza a compressione su malta standard del
corrispondente cemento.

Delle modalita sperimentali e delle relative conclu-

sioni riferiamo nel corso di questa Nota.

2. PARTE SPERIMENTALE

Impiegando sempre lo stesso clinker industriale, a con-
tenuto di Najz0 equiv. pari ad 1,32 e macinato a superficie
specifica Blaine di 380 m2/kg, sono stati preparati cementi
di miscela contenenti gquali aggiunte attive, in proporzione
compresa fra il 10 ed il 40%, alcuni campioni di pirocla-
stiti flegree, laziali e vulsine, di ceneri volanti (residui
della combustione di polverino di carbone per la produzione
di energia elettrica), un campione di tufo giallo napole-
tano, un campione di marna silicea (Pavia) ed alcuni cam-
ploni di scoria d'altoforno granulata, quest'ultima in pro-
porzione compresa fra il 10 e 1' 80%. Le aggiunte a compor-
tamento pozzolanico sono state macinate fino a lasciare un
residuo del 10% sul setaccio da 40 pm; 1 campioni di scoria
sono stati portati alla stessa finezza del clinker.

Ai fini della wvalutazione della reattivita potenziale
verso gli alcali dei cementi di aggiunta ottenuti, si &
fatto ricorso al disposto della Norma ASTM Standard C 441 -
81 che prevede la misura dell'espansione su barre di malta
confezionate impiegando quale aggregatc reattivo il vetro
Pyrex. Per le modalitd di stagionatura delle malte, pro-
tratta fino a due anni, si & seguita la Norma ASTM Standard
Cc 227 - 81,

le Figg. 1, 2, 3 riportano i risultati delle prove di
espansicne sulle barre di malta, preparate ciascuna con 1
differenti cementi di miscela contenenti quali aggiunte at-
tive i prodotti a comportamento pozzolanico. Pud rilevarsi
il livello ottimale di sostituzione che si manifesta com-—
preso fra il 30 ed il 40% ed il fatto che l'abbattimento
dell'espansione é notevole, ma non risulta uguale per opera

di tutti i prodotti naturali. Si registrano, infatti, diffe-
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renze sensibili fra pozzolana e pozzolana e si conferma il
miglicr comportamento dell'equivalente zeolitizzato della
pozzolana flegrea: il tufo giallo napoletano (6). Ceneri vo-
lanti ed ancor piu scorie d'alteforno, Fig. 4, denunziano
invece un comportamento pid simile in seno al cemento.

La Fig. 4 consente di rilevare, inoltre, che abbatti-
menti dell'espansicne dell'ordine di quelli conseguibili con
i1 cementi contenenti prodotti a comportamento pozzclanico,
sono ottenibili con cemento d'altoforno a livelli di sosti-
tuzione del clinker ben maggiori e pari a circa 1l 60% di
scoria granulata.

Le Figg. 5, 6, 7 ed 8 riportano 1 wvalori rilevati dalle
prove di resistenza a compressione su malte ISO - RILEM (7)
preparate con ciascuno del ‘cementi di aggiunta in esame e
stagionate 3 e 28 giorni. Si rileva che, per livelli di so-
stituzione del clinker necessari ad abbattere significativa-
mente l'espansicne da alcali reazione, alle brevi stagiona-
ture le aggilunte di prodotti a comportamento peozzolanico
forniscono cementi con valori di resistenza a compressione
ben piua alti di quelli dei cementi contenenti scorie
d'altoforno. ARlle lunghe stagionature si registra l'inverso:
i wvalori di resistenza a compressione forniti dai cementi
d'altoforno superano di c¢irca 10 MPa quelli rilevati con i
cementl contenenti prodotti a comportamentc pozzolanico.

Misure di lavorabiiita effettuate mediante prova di
spandimento (8) hanno confermato, a parita di contenutoc
d'acqua, una miglicore lavorabilitad, nell'crdine, dei calce=-
struzzi confezionati c¢on cementi contenenti scoria
d'altoforno e con cementi contenenti ceneri wvglanti, I pro-
dotti naturali a comportamento pozzolanico, richiedendo una
maggiore quantita d'acqua d'impasto per una buona lavorabi-
lita, sottolineano l'opportunitd dell'impiego di additivi
convenientemente scelti, per contrastare 1'inevitabile ab-

bassamento di resistenza meccanica.

3. CONCLUSIONT
L'insieme delie risultanze sperimentali conferma la no-

tevole influenza delle aggiunte attive a comportamento poz-—
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zolanico, a livelli di sostituzione del clinker compresi fra
11 20 ed il 40%, sull'abbattimento dell'espansione per al-
cali reazicne e mostra che, se il wmeccanismo d'azione pud
anche esser diverso in funzione del tipo di aggiunta, il ri-
sultato & abbastanza simile,.

Va pero tenuto conto del fatto che se 1l'abbattimento
dell'espansione vuole esser ottenuto con 1'impiego di ce-
menti d'altoforno, valori simili a gquelli raggiungibili con
aggiunte di prodotti a comportamento pozzolanico a livelli
di sostituzione del clinker dell'ordine del 30%, sonoc otte-—
nibili con 1l'aggiunta di una quantita di scoria granulata
ben maggiore e pari a circa il doppio. Sicché la scelta del
tipo di cemento di miscela va fatta indubbiamente in fun-
zlone del tipo di opera da realizzare e del relativo am-
biente di vita, ma altresi dopo attenta correlazione fra ab-
battimento dell'espansione da alcali reazione e resistenza
meccanica attesa.

Va altresi sottolineato che, nel caso d'impiego di ce-
menti di miscela preparati con pozzolane naturali, si pos-
sono registrare differenze nei valori attesi di abbattimento
dell'espansione, differenze che sono attribuibili al tipo di

piroclastite impiegata.
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AN ALGORITHMIC APPROACH TO IDEAL GENERATION OF POINTS.

Nota di Isabella Ramella *
Presentata dal socio Prof. Ciro Ciliberto
Adunanza del 4/11/89

Riassunto. Si costruiscono algoritmi per calcolare il numero e i gradi dei generatori
di un ideale di punti dello spazio proiettivo.

Abstract. On construct algorithms for computing the number and degrees of
generators of an ideal of points in the projective space.

INTRODUCTION.

Let V={Py,...,Ps} be a set of points of the projective space P} (over any field k) and
I=I(V)cKXo,....,X;] be the ideal of V. Let fy,fy,...,fy be a minimal set of
homogeneous generators of V. In this paper, starting from the coordinates of the
points P;, we construct an algorithm for computing v and the degrees, deg fi, of the
polynomials fj. If the points do not lie on the hyperplane x,=0 (if k is infinite, we
can always reduce to this case by a change of coordinates) the algorithm can be
improved. If the points are in "general position" and k=Q we show that the
computations can be reduced to the case k=Zp, thus shortening the computational
time.We have implemented the algorithm, in the case k=), using the computer system
Macsyma on a Vax station 2000 with VMS operating system and, in the case k=Zp,
using a Basic compiler on an IBM PC (but in the case k=Zp, pratically any language
and any computer works). This paper has been inspired by a computational proof of
the Ideal Generation Conjecture for 28 points in IP3, given in [R]. The computational
aspect of this work will be part of a Ph.D. thesis in course of preparation.

* Supported by M.P.I. founds 40%.



1. GENERALITIES,

Let S= & Sq be a graded Cohen-Macaulay finitely generated k-algebra (S,=k, k
de N
any field).Then, if{xg, ..., xr} is a basis of the k-vector space S1, S=k[xg, ..., xr]=R/I

where R=k [Xp, .., Xr]. WehaveR= @ Ry I= @ I; and S4=Ryls.
deN de N
Let dim S = §. The Hilbert function of S is defined by H (S,d) = dimkSq. Clearly :

. . d+ .
(L) H(S.d) =dimRy - dimy I3 = { rf ) - dimy 14

There is a numerical polynomial P (S,Z)e Q(Z] of degree 8-1, the Hilbert polynomiat
of §, such ;hat H(S,d) = P(§8.d) for d>>0.
Following the usual notations in the literature, throughout this paper we set:

(1.2) o=Min {dl14#0} and o=Min{d!H(S,d)=P(S,d)}+3.

In the sequel when we write I={(f1, ....fy) we imply that (f1, ....fv) is a minimal set
of homogeneous generators of I, with deg fj € degfjy,, i=1,...,v.

Proposition 1.3 . If I=(f, ...fy),thendegfi = and degf, <oO.
Proof. The equality is trivial. The inequality is proved in [DGM , Proposition 3.7].

The following is an easy consequence of Nakayama's Lemma. Two minimal set of
homogeneous generators of I have the same number of elements in any degree,that is:

(1.4) if vy isthe number of elements f; of degree d, the integers v and vy are

invariants of the ideal 1.
From now on we set :

v(D=v and v4D=vy4
[s]
clearly v=3 =vy
d=ot
Let Wy be the following subvector space of  I4:
(L) Wy =Xl 1+ +Xdg.y  (Wg=0 if d<o).
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We have:
(1.6) Vd(I)"—'dimk Id~dimk Wd asdso.

Suppose now that x, is a non zero divisor of $ (if k is infinite there is always a
non zero divisor in  §; and, by a change of coordinates, we can assume, with no loss
of generality, that itis xg).

If  fek[Xq,....XJ=R, we denote with fek[X,,...,X,] / (Xp)=K[X,,...,.X,] the
polynomial obtained by f deleting all monomials wich involve Xy if Uis a set of
polynomials feR, U={fife U)cK[X,,....X,].

Clearly Wa=XIg +. +Xyy.;. If I=(f;,..f,) the following natural
isomorphism holds:

8/(xg) = R/I+(X)) = K[X,,.... X, )/T

where T is the ideal generated by {,....F,.
Since S/(xg)=K[X,,....X;] /1 is a Cohen Macaulay graded k-algebra we can
apply all the previous considerations to the ideal 1.

Lemma 1.7 For any deN, we have:
a) v(D=v(l) and vy()=v4D),

b) dimy Ij= dimyly - dimy Iy 4 ,

¢) vy(D=dimy I, - dimy Iy, - dim,Wd.

Proof. a) The ideal J is generated by fj,...,f,, and we have only to prove that

_ - _ _ _ - _ i-1
fyp-.fy is minimal. Suppose that J = (fy,... 5.1, fupnfy ) then = ¥ g §
j=1

i-l
and f- E gj fj = Xohel, where deg h<deg f;. But, if x, is a non zero divisor of
=1
il
S,helandthen h= Y gf;
i=1
il
Thus ;= 2 (g +X0g})fj against the assumption of minimality of ({f},...f,}.
j-1
b) Wehave I= I+(Xo)/(Xg) =I/(Xg) ML But  (Xg) M I=X,l since X, is a
non zero divisorof S. Then I=I/XgI and Ty=1y/X kg,
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Now , since x; is a non-zero divisor of S, dimy Iy y=dim(Xl4.¢).Then the
claim.
¢) Follows immediately from a) andb).

2. AN ALGORITHM FOR COMPUTING v(I) and degf; WHEN I IS
THE IDEAL OF POINTS OF Pi.

In this section we consider the algebraic variety consisting of a finite set of points
V={P;,....Ps} CP} and the ideal of V, I=I(V) ={feR| f(P;)=0,i=1,...,5}.

Let S=R/l be the homogeneous coordinate ring of V.,

From elementary commutative algebra we have :
5

(2.1} The zero divisors of S, are the elements of \_)J j%{, , where f;t are the
i=1

minimal primes of § (corresponding to the points Pj). Then there is always a non

zero divisor in S, that is 8 is a graded Cohen-Macaulay finitely generated k-
algebra. Thus we can apply to S the results of Section 1. The vector space Iy is

easily described as the null space of a matrix with elements in k. In fact:

(2.2) 1 = {feRf(P)=0 for i=1,...s}

If we denote with Tj, i=3,...,N(d)={ d:r ), the terms of degree d in the indeterminates
Xg,...,Xr then {Ti}i=l
sxN(d) matrix :

N(d) is a basis of the k-vector space Ry. Let Gg be the

.....

(2.3) G; =(tij) where ty = Ti(Pj).

N(d)
If f= 2 A TiER, we set:

i=1

A1
Gg f= Gg

Aneay
Then:

(2.4) I4={feRylG] f=0}, thatis I4 is the null space of the matrix G§.
Hence:
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(2.5) H(S,d)=N(d)-dimy, Ij=p(GJ< Min {s,N(d)} (p=rank), for any de N

and

o=Min{dll320)=Min{dlp(G)<N(d)}
(2.6)
o=Min{dIp(Gj)=s]+1

Let {g .. ,gh} {h=v & 1} be a basis of 1 p» then the h(r+1) polynomials g; X of I,
span the vector space W (see (1.5)) and 1f Hjis the matrix whose rows arc thc

coordinates of the vectors giXJ. in R " then
2.7) dimk W, = p(H)
Collecting all the previous results we have

(2.8) Algorithm

Input:  Coordinates of the points Pl,...,Ps in PL
Output : v~ number of elements of degree d of a minimal basis of Iy

v=number of elements of a minimal basis of 1.

Step 1.  Set d=0, & =0, 0=0,
Step 2. Reset d=d+1.
Step 3. If 0=0 and p(G)=s thenset o=d+l.
Step 4. If a=0 and p(GJ<N(d) then set a=d
and va=N(a)-p(G§) else retumn to step 2.
Step5.  Compute a basis of Iy (that is a basis of the null space of Gj).
Step 6.  Construct the matrix H5,, and set
Va1 =N(@+1)-p(Gg,)-p(H,)-
Step 7. If d+1=0 then continue else go to Step 2.
Step 8.  Set v=i Vg

d=0

If xq is a non zero divisor of S the previous algorithm can be improved. In fact by
Lemma 1.7 and (2.5) we have
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2.9) va(D)= d:fl'l) -P(GY) + PGSy - dim W,

I {gg,...8n) (b=V4p) is abasis of Iy, the vector space Wy is spanned by the
hr polynomials  g;X;=1....r, and if H5 is the matrix whose rows are the
coordinates of the vectors gX; of RKIX;,...X] wehave:

(2.10) dimy, W4=p{H3),

where the matrix HS has size  hrx{ 4T ).which is smaller than the size

-1
h(r+1)x{ d+r+1 )of HE.
r
(2.11) If %y is a non zero divisor of 8§, in virtue of (2.9) and (2.10) by
substituting, in algorithm (2.8), 6) with
Step 6') construct the manix Hj and set:

Vo = (4T ) - P(GL) G ()

we obtain another better algorithm for computing vy and v.

Remark 2.12 By (2.1), xg is a non zero divisor of S if and only if the hyperplane
x=0 does not contain any point P; i=l,...,s, that is the first coordinate of P;is not
null for any i=1,...,s. If k is infinit¢, by a linear change of coordinates, we can

always assume that this case.

3. THE CASE OF POINTS IN GENERIC POSITION. THE IDEAL
GENERATION CONJECTURE.

If S is the homogeneous coordinate ring of s points {Py,....P} of Py by (2.4),
we have H(S,d)=p(G))<Min(s,N(d)} forany deN.

Definition 3.1. If H(S,d)=Min{s,N(d)}, for any deN, the points {Py,...,Ps}
are said to be in generic position. The properties of points in generic position were first
investigated in [0]. In [GO] is proved that almost all set of points are in generic
position. In this case Algorithm (2.8) and (2.11} can be simplified since it is possible
10 do all computations in the degrees o and o+1, where o=Min{dl I;z0) (see (1.2)),

as we show with the following results.
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Lemma 3.2 If {P,,.. P} are in generic position,then o=Min{dls<N(d)} and
o<o+1.

Proof. By (2.6) we have o-1=Min{dl H(S,d)=s) and o=Min{dl H(S,d)<N(d)}.
Since, for any d, we have H(S,d)=Min{s,N(d)} then o=Min{dls<N(d)} and
H(S, g-2)=N(c -2).

Thus ©-2<0o, that is the claim.

Corollary 3.3 Let Y=Min{dls<N(d)}.

a) If H(S,Y—1)=p(G§,_1):N('y—1) and H(S,y)=p(G3)=s, the points (Py,...,P;} are

in generic position (hence Y=0, by Lemma 3.2).

b) If (P;,...,Pg} arein generic position then
v(D=N(c)}+N(o+1)-2s-p(Hg ;).

Proof. a) Since p(GH)=N(d) forany d<y-1, the claim is consequence of the well
known fact thatif H(S,y)=s then H(S,d)=s for any d>v.

b) By Lemma 3.2 and Proposition 1.3 we have v(D=va(I)+vy,,(I) and, by (1.6)
and  (2.5), vu(D=N@)-P(G§), Vau=N(a+D)-p(G},)-P(HS,,). Finally
P(Gy)=P(G},)=s, by Definition 3.1, and then the claim.

Remark. Since o2q, by Lemma 3.2, two cases are possible : 0=¢t or o=0+1. In
particular, when H(S, o-1)=N(o-1)<s, o=0. Thus, in this case, we have
v(D=vo (D=N{x)-s.

Let H5.; be the matrix of (2.10).
Corollary 3.4. Let oa=Min{dI N(d)>s} and (P,,..P;} be points in generic
position such that their first coordinate is not null. Then :
vD=N(o+1) - s - p(Hg41)-
Proof. By Lemma 1.7, ¢) and (2.10) we have:

VaD)+ve ((D=dimyly, - dimg Wy =dimyle,; - P ) =NO+1)-P(Glpy) PS40
and by assumption p(Gg,,;)=s. Then the claim. :
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By (2.7), dimy Wy, =p(H§,)<Min{(dimyI,)r+1),dimI,.;} and by corollary
3.3, v(D2N{o) +N(o+1) - 2s - Min{(dimy I, )(r+1),dim L., ) -

In [GO] the following conjecture has been made:

Ideal generation comjecture. Fixed s and r for points {Py,....Pg)JCP} in
"general position”, dim W, , is as by as it could possibly be.
_This means that v(I) is the least possible:

(3.5) v(D}=N(o)+N(e+1)-2s-Min { (N{c0)-s){r+1),N(a+1)-s}.

Itis easily seen that in order to prove the conjecture it is enough to find, for any 1, s
an example of points for which (3.5) holds. Various authors have tried to prove the
"Ideal Generation conjecture” for any s and r. In P? the conjecture has been proved
in [GM]. In P? an inductive proof is given in [B]. The starting point of the
induction, is the case of 28 points which has been proved in [H]. After that a
computational proof of this case has been given {R]. This last paper has inspired our
work. No proof of the conjecture is known forany r 24.

By the previous results it is possible to write an algorithm for finding points that satisfy
the ideal generation conjecture.

3.6 Algorithm.

Input : coordinates of the points {P,...,.Ps}CPL.
Output : (Py,...P;} satisfy the L.G.C.

Step I. Let a=Min{dIN(d)>s}). If p(GZ,.)=N(o-1) and p(Gg)=s then {Py,...,P¢}

are in generic position else stop,
Step 2. If N(o-1)=s then {Py,..Pg} satisfy the L.G.C. and stop else continue.

Step 3. Compute a basis {g,....gn} of I, and construct the matrix H},;, whose
rows are the coordinates of the vector giX;;; if p(HE 1 )=Min {(N(ct)-s)(r+1),N(a+1)-s}
then {Pyy::.,Pg) satisfy the 1.G.C., otherwise stop.

As in section 2, if x; is a non zero divisor, the previous algorithm can be simplified
by substituting the matrix H%,; to Hg, . In this case, by (2.10) and Corollary 34, if
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p(ﬁfxﬂ):Min{(N(a)ws)r,( “‘:1*1 )],thcn {P,...P,} satisfy the LG.C..

4. IMPLEMENTATION IN THE CASES k=Q k=Zp. REDUCTION
MODULO p.

The previous algorithms have been implemented by the author in the case k=@ and
k=Zp. Note that the integers H(A,n) and v(I) are preserved under field extension,
then an example over these fields gives an example over any field,

If k=Q the previous algorithm has been implemented on Macsyma on a Vax Station
2000 (with VMS Operating system). Since the elements of the matrices G are
product of powers, the numbers involved in these computations can get very large so
the common languages are not suitable,

On the base field k=Zp, an implementation of the previous algorithm haas been
written on a compiled version of Basic for IBM PC, but pratically any language and
any computer works (clearly p should not exceed the largest integer that can be
represented exactly on the computer).

In some noteworthy cases it is possible to reduce problems from k=Q to k=Zp.

If M=(mij)e Mn.n(Z), we denote with Mpz(ﬁij)e Mm’n(Zp) the mairix whose
elements are the classes of my in Zp.

Lemma 4.1 The following conditions hold:

(@) pMp)<p(M); _
(b) p(Mp)=p(M) except a finite number of primes p.

Proof. It is a simple exercise.

Definition 4.2 If Me My o(Z), the null space  NCQ" of M is the null space
of M aselement of Mp, n(@).
H v=(a,,..a,)e ("), we set v=(a,,...,3,)e Zp.

Lemma 4.3 Let Me My o(@). If p(M)=p(Mp) (p prime) and Vi,...,Vqe 7z are
elements of N then (V1,...,Vq} is a basis of the null space Np of Mp.

Proof. We have (¥) dimNp=n-p(Mp)=n-p(M)=dimN=q,

=) Clearly Vi ,...,\_Jq span Vp. Then, by {*}, we have the claim.

& ) By (*), it is enough to prove that Vi,...,vq are linearly independent. Thus we
consider a linear combination Avittigyg=0.
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Clearly, if the A; are not all null, we can assume that A;e Z and that p isnota

common divisor of all ;, i=1,....,q. We have Iivi+...+l&qm‘, then by assumption
Xiw for any i and the claim.

Now if § is the homogeneous coordinate ring of s points {Py,..,Pg} of P,
k=Q, their coordinates can be chosen in the ring of integers Z. Thus all the
computations of the algorithms of section 2 and 3 can be done over Z. Furthermore
we set  P;,i=1,...,s for the points whose coordinates are classes in Zp of integer
coordinates of P;.

We denote with I, and Sp respectively the ideal and homogeneous coordinate ring of

{ﬁ} rety ﬁs}'

Corollary. 4.4 a) For any prime p and any d we have:

H(S,d) < H(S,d), v4 (Ip) 2 vy(D), v(Ip) 2 v(D).

Equalities hold for all but a finite number of p.

by If {§1 qorey ’I:TS} are in generic position (respectively satisfy the LG.C) in P,
k=Z, for some prime p, then (P, s ﬁS] are in generic position (satisfy the

1L.G.C)in P, k=Q.

Proof. a) Follows from (1.6), (2.5), (2.7), Lemma 4.1 and Corollary 4.3  b) By
definition 3.1 and (3.5), fixed s andr, if {ﬁi yenes ﬁsl are in generic position

(respectively satisfy the L.G.C.), the integers H(Sp,d) vd(Ip) are the largest (least)
possible, therefore, by a), H(Sp,d)=H(S,d) and vd(Ip)zvd(I).

Remarks 4.5. i) Using the programs written by the author in Zj, one checks (with
small computational amount of time) tha, fixed s, the following group of s points of
PL Pn=(2“,3“,5“,7“,11“,...,p“... ), (r-times, p prime), i £ n <5, satisfy the
1.G.C.for a limited number of points. For example the points (2n,30. 50 7TMe IP?C,
s <56, and (20,39,50,7%,11Me P} s < 70, satisfy the LG.C. Then we conjecture
that points P, satisfy the .G.C. for any s and 1 (if this is true then clearly the
LG.C. is proved). ii) Part b) of Corollary 4.4 was proved in [R], Theorem 3.5.
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LOWER PERMIAN ALBAILLELLACEA (RADIOLARIA)
FROM SICILY AND THEIR STRATIGRAPHIC AND
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ABSTRACT

For the first time Lower Permian Radiolaria are
described from Western Sicily, so far unknown from the whole
Tethyan Eurasia. The fauna derives from olistoliths of dark
gray, partly silty, hard marlistones and marly limestones
without any macrofauna and from radiclarian micrites.
Radiolarians, clearly dominated by Albaillellacea DEFLANDRE,
1962 (Spinodefiandrelila? siciliensis n. Sp.,
Pseudoalbaillella scalprata scalprata HOLDSWORTH & JONES,
18980, P. scalprata postscalprata ISHIGA, 1983, P. scalprata
praescalprata n. subsp., P. (Kitoconus) elongata ISHIGA &
IMOTO, 1980), are mostly the only fossils in these
olistoliths. These radiolarian faunas were until now khown
only from the Circumpacific area (P. scalprata scalprata
also known from West Texas). They give the first evidence
for the presence of pelagic Lower Permian in Sicily {topmost
part of the Parafollicucullus lomentarius Assemblage-Zone of
highest Artinskian or Lower KungurianzLower Jachtashian, P.
ornatus Zone of Kungurian age and perhaps Pseudcalbaillella
rhombothoracata A.-Z. of Late Kungurian to Early Chihsian

age).

(x) Dipartimento di Geologia e Geodesia, Corso Tukéry, 131 -
90134 Palermo.
(*%) Rézsl u. 83, H - 102% Budapest, Hungary.




From a palecgeographic point of view the findings of
these faunas suggest that a broad pelagic belt connected the
Circumpacific area and Sicily during the Lower Permian. This
belt, as long as the Alpidic QOrogen, was situated horth of
Gondwana and south of the later Tethyvan median pilatforms.

After the discovery of Middle Permian and Upper Permian
{Abadehian, Dzhulfian) Albaillellaria, pelagic conocdonts
and psychrospheric Ostracoda, described in separate papers,
can be assumed that the studied =zone (Sicanian
paleogeographic domain) was during the whole Permian an
epiocceanic area. Pelagic conditions lasted in this belt
during the Mesozoic and Early Cenczoic. Apulia in the
Permian was separated from Gondwanaland, but during its
Mesozoic evolution was more near related to Africa.

RIASSUNTO

Viene descritta un’'associazione a radioclari del
Permiano inferiore proveniente da depositi pelagici della
Sicilia Occidentale. Questa associazione, rinvenuta finora
nell’area Circumpacifica, non era mai stata segnalata in
regioni della Tetide Euroasiatica.

La microfauna a radiolari proviene dalla disgregazione
di marne siltose grigic nerastre, calcari grigio scuri
contenenti microbrecce e calciiutiti a radiclari. I campioni
esaminati fanno parte di olistoliti di varia dimensione ed
eta immersi in una matrice di argille grigie piritizzate
datate al Kubergandiniano (Rermiano medio). Esse
rappresentano unc dei termini pid antichi della successione
permo-triassica del Torrente San Calogerc affiorante nella
Valle del Sosio (Siciiia Occidentale) e recentemente
descritta dagli Autori della presente nota (CATALANO et al.,
1988 a e in stampa). '

Con l'’eccezione di pochissime Cenosphaera mal

conservate, tutti i radiotari appartengono alla
superfamiglia Albaillellacea BEFLANDRE , . 1952
(Spinodeflandrella? siciliensis n. sp., Pseudoalbaillella

scalprata scalprata HOLDSWORTH & JONES, 1980, P. scalprata
postscalprata ISHIGA, 1983, P. scalprata praescalprata n.
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subsp., P. (Kitoconus) elongata ISHIGA & IMOTO, 1980).

L’associazione suddetta permette di riconoscere per Jla
prima volta 1'esistenza di depositi pelagici del Permiano
inferiore in Sicilia. L'intervalle rappresentato corrisponde
alla parte sommitale della zona a Parafollicucullus
Tomentarius dell’Artinskiano superiore~ Kunguriano inferiore
(=Jachtasiano inf.), allia Zona a P. ornatus del Kunguriano
e, dubitativamente, alla Zona a Pseudoalbaillella
rhombothoracata del Kunguriano superiore - Chihsiano
inferiore. '

Pal punto di vista paleogeografice, i} rinvenimento di
guesti radiclari circumpacifici suggerisce 1’esistenza di un
ampic dominio pelagico che congiungeva 1a Regiane
Circumpacifica con 1’area siciliana durante i} Permiano
infericre. Questo dominio (Tetide Permiana) sarebbe stato
situato a nord di Gondwana e a sud delle future piattaforme
intermedie Tetidee.

La recente segnalazicne nella successione permo-
triassica della valle del Sosio di depesiti di mare profondo
a radiolari (Albaillellacea) e ostracodi psicrosferici del
Permianoc medio e superiore (CATALANO et al., 1988 a)
permette di riconoscere nell’area siciliana, corrispondente
al dominio paleogeografico Sicano (CATALANO & D'ARGENIO,
1978), unha persistenza di condizioni pelagiche durante i1
Permiano, condizioni che si sono protratte nel Mesozoico e
nel Terziario inferiore.

Nel Permianho, Apulia era separata da Gondwana; ben
differente é‘]a sua evoluzione mesozoica collegata a quella
dell1’Africa stabile.

1 - INTRODUCTION

Until now, Lower Permian Radiolaria have been described
only from the Cis-Ural (KOZUR, 1980, 1981; NAZAROV &
ORMISTON, 1983, 1984, 1985; NAZAROV & RUDENKO, 1981), from
West TeanI(CORNELL & SIMPSON, 1985, 13886) and above al?
from the Circumpacific area (Japan: ISHIGA & IMOTO, 1980;
ISHIGA, 1982, 1983, 1985, 1986; HATTORI & YOSHIMURA, 1982;
ISHIGA, KITO & IMOTO, 1982 a,b; KOJIMA, 1882; NISHIZONO,
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OHISHI et al., 1982; SATO, NISHIZONO & MURATA, 1982; ISHIGA,
IMOTO et al., 1984; ISHIGA & SUZUKI, 1984; ISHIGA, WATASE &
NAKA, 1986; NISHIMURA & ISHIGA, 1987; Alaska, California,
Nevada, Oregon: HOLDSWORTH & JONES, 1980; HOWELL, 1986;
BLOME, JONES et al., 1986; Chile: LING, FORSYTHE & DOUGLASS,
1985; LING & FORSYTHE, 14987).

The distribution centre of the Permian albaillellid
Radiolaria was in the Pacific and its surrounding areas.
Curing the Early Permian time, radicliarians were also
frequent in the Boreal sea with the Ural geosyncline as
integral part of the Boreal faunal realm. But in the Boreal
Permian the Albaillellacea were not so dominating like 1in
the Circumpacific area. From the Pacific radiolarian domatin,
where Albaillellacea dominated, Permian radiclarians invaded
the adjacent seas both in America and Asia (Nevada, Oregon,
West Texas, South China), when pelagic conditions were
present in these areas. But seemingly at the northern margin
of Gondwana existed a broad pelagic sea-way, in which the
Lower Permian Radiolaria (and pelagic conodents) could
migrate to the west as far as Sicily. Therefore the
discovery in Western Sicily of Lower Permian Radiolaria (and
pelagic conodonts, as well as Middle and Upper Permian
Albaillellacea and psychrospheric ostracods, not described
in this paper) is very important for Permian paleogeographic
reconstructions within the Tethyan realm.

2 - LOCATION OF THE INVESTIGATED AREA AND GEOLOGICAL SETTING

The investigated radiclarian fauna comes from the

section of the Torrente San Calogero, outcropping near the
Pietra di Salomone (Sosio Valley), already investigated by
. the present authors (Figs. 1, 2),
I Along this section several lithologic units, covering an
Early Permian - Late Triassic time span, have been
recognized (CATALANO et al. , 1988 a, b, and in press) that
appear arranged in an overturned structure lying above a
thrust plane.

The oldest rocks come from a unit consisting of badly
exposed flysch deposits followed by well exposed gray
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pyritic soft shales with numerous olistoliths (Unit A). The
matrix of these beds contains some (badly preserved)
pyritized Albaillelliidae (Spinodeflandrella sp.) and
conodonts, 1ike Mescgondolella cf. phosphoriensis (
YOUNGQUIST et al.), Sweetognathus subsymmetricus WANG et
al., that indicate basal Middle Permian age
(Kubergandinian). The olistoliths consists of: 1) large
blocks of gray sandstones-siltstones with graded bedding,
partly with plant detritus (flyschoid deposits); 2) dark-
gray, silty, hard maris, at place with Lower Permian
Albaillellacea; 3) Chishian conodont-bearing dark-gray,
marly limestones containing intraformational breccias of
gray, marly limestones; 4) radiolarian-bearing calcilutites
with many Albaillellacea, other radiolarians and
Kungurian conocdonts, e.g. Mesogondolella intermedia (IGO);
5) calcarenites with M. zsuzsanhae KOZUR {(Chihsian); 6)
reef-slope l1imestones, with M. zsuzsannae KOZUR, M.
slovenica (RAMOV§), Hindeodus sp. and other conocdonts
{Chihsian).

The Unit B consists of red soft shales and subordinately
allodapic limestones. Especially in the lower part of the
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Fig. 1 - Index map of the studied areas in Western Sicily:

1) Torrente Sah Calogero section; 2) La Montagnola; 3) Cozzo

Intronata.
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unit alsc light-gray shales are present. The red shales have
yielded very rich psychrospheric deep-water ostracod
faunas of Upper Permian age and very rich and diversified
Albaillellacea faunas of latest Middle Permian and earliest
Upper Permian ages. In the Tlower part of the unit, badly
préserved radiolarians and few conodonts are present. The
allodapic limestones yielded no radiolarians, but ostracods
and many conodonts of Middie to Upper Permian ages {Wordian
- Dzhulfian). Sclerites of silicospongea are present both "in
the shales and 1in the allodapic limestones. In the Jlatter
rocks they are very common. Permian psychrospheric ostracods
have been known until now only from Timor island (GRUNDEL &
KOZUR, 1975: BLESS, 1887) and Upper Permian Albaillellacea

Fig. 2 - Geological sketch of the Torrente San Calogero
section, WSW of Pietra di Salomone {Sosic Valley) (mod. from
Catalano et al., 1988 b). From NW to SE it 1is possible to
follow an overturned sequenhce of tectonic sltices: A)
Olistostrome unit {(gray shales with olistoliths), early
Middle Permian. B} Red shales, Middle Permian~Upper Permian.
C) Greenish siliceous marls, tuffites, siliceous to cherty
gray and red radiclarites, Lower Ladinian. D} Greenish-gray
and red nodular cherty limestones and marls, thin red
radiolarites, Upper Ladinian to Cordevolian. The figured
material was collected in the Units A and B.
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have been described so far only from Japan (see ISHIGA et
al,,t982 b; ISHIGA, 1986). Because of the outstanding
importance of these faunas, they will be described 1in
separate papers.

The Unit C consists of greenish—-gray, gray and red
radioiarites, tuffites, siliceous to cherty limestones and
siliceous very hard fine-laminated radiolarian marls with
well preserved Fassanian (Lower Ladiniah) radiolarians.

The Unit D consists of red to greenish-gray, partly
cherty, neodular limestones with intercalations of red,
greenish-gray, violet marly clays and thin red radiolarites.
The age 1s Longobardian ({(Upper Ladinian}) to Lower
Cordevolian {(basal Carnian). This part of the sequence 1s
rich in pelagic fossils, e.g. many ammonoids (only cross
sections), bivalves (e.g. numerous Daonella spp.), highly
diversified radiolarian faunas, deep-water ostracods,
abundant'conodonts, especially frequent Gladigondolella
tethydis, Paragondolella? trammeri, numerous representatives
of the Pseudofurnishius sosicensis-P, huddlei-P. murcianus
line and of the Budurovignathus truempyi—-B. hungaricus—8.

mungoensis tine.

3 — TAXONOMIC PART (H. Kozur}

The paleontologic material comes from seven small
olistoliths of dark gray, partly silty hard marlstones to
marly limestones collected in the uUnit A of the Torrente San
Calogero section. Four of it were barren, but three ones
(samplies 8 3 a, c, d) have yielded a very rich, but only
moderately to badly preserved microfauna that consists
exclusively of Radiolaria, almost totally represented by
Albaillellacea DEFLANDRE, 1852. Further Lower Permian
Radiclaria (including Albaillellacea) were found at La
Montagnola near Roccapatumba {(Fig. 1)}.

The superfamily Albaillellacea was revised in detail by
KOZUR & MOSTLER {(1989) whose systematics is here follows.
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Subclass Radiolaria MULLER, 1858
Order Polycystida EHRENBERG, 1838

Suborder Albaillellaria DEFLANDRE, 1952 emend. HOLDSWORTH,
1969

Superfamiiy Albailiellacea DEFLANDRE, 1952
Family Albaillellidae DEFLANDRE, 1852
Subfamily Spinodeflandrellinae KOZUR, 1981
- Genus Spinodeflandrella KOZUR, 1981

Type species: Spinodeflandrella tetraspincsa KOZUR, 1981

Spinodeflandrelila ? siciliensis n. sp.
(figs. 4.G, 5.A-C)

Derivatio nominis: According to the occurrence in Sicily
(Italy).

Holotypus: the specimen on fig. 5.A; rep.-n. CK/II-15,
Dept. of Geology, Palermo.

Locus typicus: Qutcrop in a small gorge of the Torrente
San Calogero WSW of the "Pietra di Salomone”, Sosio Valley

area, Sicily.

Stratum typicum: Lower Permian olistolith of dark gray
hard silty maristone within the basail Middle Permian

olistostrome unit.
Material: 8 specimens.

Diagnosis: Test laterally flattened, slender conical.
Apical part above the lateral wings small, straight
unsegmented. Wings not fully preserved, seemingly short,
After the wings the test is strohgly segmented, with
generally ©6 segments in this part of the test. Segments
hoop—tike, ciearly cobliquely arranged. In the constrictions
one ring of large pores 1is present that 1is in uncorroded
specimens closed by a layer of microgranular silica. Only
adjacent to the columelia some pores may be open. Columella
very strong, partly visible outside. Free ends of columella
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not preserved.
Measurements:

Length of test: 207-233 um.
Maximum width of test: 73-80 um v

Occurrence: Until now known only from the Tocus typicus.

Remarks: The new species s similar to
"Pseudoalbaillella" annulata ISHIGA, 1984, that 1is stiill
more slender and rather subcylindrical.

Spinodeflandrella n. sp. ("Albaillella" sp. B sensu
ISHIGA & IMOTO, 1980, non " Albaillella" asymmetrica ISHIGA
& IMOTO, 19B2; see KOZUR & MOSTLER, 1888) is, in turn,
distally somewhat broader and the last or the last two
segments have an open pore ring.

"Albaillella’ sp. SATO; NISHIZONO & MURATA, 1982 is
similar in outline and segmentation, but seemingly no
Tateral wings are present,

By the long, slender, quite unperforated test {(covered
pores!} Spinodeflandrella siciliensis n. Sp.,
"Pseudoalbaillelila" annulata ISHIGA, 1984 and "Albaillella"
sp. sensu SATO; NISHIZONO & MURATA, 1982 are distinguished
from Spinodeflandrella KOZUR, 1981. May be that they
represent a new genus within the Spinodeflandrellinae KOZUR,
1881.

Pseudoalbaillella HOLDSWORTH & JONES, 1980 .emend. KOZUR
& MOSTLER, 1989 and Parafollicucullus HOLDSWORTH & JONES,
1980 emend. KOZUR & MOSTLER, 1989 are distinguished from
this species group by a distinct subdivision of the test
into apical cone, pseudothorax and pseudoabdomen. Moreover,
in Pseudoalbaillella the pseudoabdomen (homclog to the part
below the Tateral wings) is unsegmented, whereas in
Parafollicucullus a few large segments are present.

Family Follicucullidae ORMISTON & BABCOCK, 1979 emend.
KOZUR, 1981.

Subfamily Follicucullidae ORMISTON & BABCOCK, 1979 emend.
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KOZUR, 1981,

Genus Pseudoalbaillella HOLDSWORTH & JONES, 1980 emend.
KOZUR & MOSTLER, 1989.

Type species: Pseudeoalbaillella scalprata HOLDSWORTH &
JONES, 1980.

Pseudoalbaillella scalprata scalprata HOLDSWORTH & JONES,
1980.
(figs. 3.A-G, 5.E-G)

1980 Pseudoalbaillella scalprata species nova -
HOLDSWORTH & JONES, p. 285, fig. 1 A, B,

1983 Pseudoalbaillella scalprata scalprata ISHIGA, p.
2 - 3, pl. 1, figs. 1 - 18,

Material.: Several 100 specimens.
Description: See at ISHIGA (1983, p. 2-3).

Occurrence: Nevada, W-Texas, Japan, Sicily.

Pseudoalbaillella scalprata postscalprata ISHIGA, 1983.
(figs. 4.C-F, 5.1 and L, 6.A)

1983 Pseudoalbaillella scalprata m. postscalprata
(nov.) - 1ISHIGA, p. 3, pl. 2, figs. 1-16.

Material: 83 specimens.
Description: See at ISHIGA ( 1983, p. 3).
Occurrence: Japan, Sicily.

Remarks: Pseudoalbaillella scalprata postscalprata was
primarily regarded as a new morphotype by ISHIGA (1883).
KOZUR & MOSTLER (1989) regarded it as a subspecies of P.
scalprata HOLDSWORTH & JONES, 1980 and we follow this use
(holotype: ISHIGA, 1983, pl. 2, fig. 1).
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Pseudoalbaillella scalprata praescalprata n. subsp.
(figs. 3.H and I, 4.A and B.)

Derivatio nominis: Forerunner of P. scalprata
scalprata HOLDSWORTH & JONES, 1980.

1980 Pseudoalbaillella sp., ¢cf. Ps. scalprata HOLDSWORTH
& JONES - ISHIGA & IMOTO, p. 238, pl. 2, figs. 4-8,

Holotypus: The specimen on pl. 2 fig. 4 in ISHIGA &
IMOTO (1980). rep. - no. KUE PR 2 - 1, dept. of Earth
Science, Kyoto University of Education.

Locus typicus: Sasayama area, 4 km north of Sasayama-
cho, Taki-gun, Hyogo prefecture (Tamba district, SW Japan,
see ISHIGA & IMOTO, 1980, p. 234, fig. 2).

Stratum typicum: Chert lenses (clistoliths ?) of Lower

Permian age.
Material: 11 specimens.

Diagnosis: Apical cone relatively short, a little
curved, unéegmented. Subtriangular pseudothorax large,
inflated, higher than apical cone. Pseudoabdomen very short,
a tTittle curved in the same direction as the apical cone.
Lateral wings begin at the lower corners of the
pseudothorax. They are downward and outward directed. Along
the ventral and dorsal sides of the pseudothorax a strong
rib is developed 1in prolongation of the lateral wings that
reaches upward until the lower part of the apical cone. Free
ends of columella short, without lateral spines.

Measurements:
tength of test: 225 - 330 um
length of apical cone: 75 — 82 um
length of pseudothorax: 125 - 150 um
length of pseudoabdomen: 25 - 42 um

Occurrence: Lower Permian of Japan and Sicily.
Remarks: Because of its better preservation the holotype

is choisen from the material figured by ISHIGA & IMOTO
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(1980). In our material the lateral wings (with exception of
its basal parts) and the free ends of the columella are
broken away. These more fragile parts of the test are
preserved in a part of the Japanese material.
Pseudoalbaillella scalprata praescalprata n. subsp. is
clearly the forerunner of P. scalprata scalprata HOLDSWORTH
& JONES, 1980. In Japan, the new subspecies occurs alone in
the lYower Parafollicucullus lomentarius A.- Z., whereas
after an interval without any representatives of the P.
scalprata 1line in the uppermost P, Jomentarius A. - 2. (=
P. ornatus Zone sensu KOZUR & MOSTLER, 1989) both P.
scalprata scalprata HOLDSWORTH & JONES, 1880 and P.
scalprata postscalprata ISHIGA, 1984 are freguent and P.
scalprata praescalprata n, subsp. 1is not more present. In
our material P. scalprata scalprata is clearty dominating,
but few specimens of P. scalprata praescalprata n. subsp.
are still present and also the first few specimens of P.
scalprata postscalprata appears. Transitional forms between
P. scalprata scalprata and both P. scalprata praescalprata
and P. scalprata postscalprata are present. All specimens,
where the apical horn is larger than or as large as the
moderatly inflated pseudothorax, will be placed inte P.
scalprata scalprata HOLDSWORTH & JONES, 1980, whereas all
specimens, where the apical horn is shorter than the
strongly inflated pseudothorax will be placed intoc P.
scalprata praescalprata n. subsp. Moreover, the
pseudoabdomen is in general still shorter in P. scalprata
praescalprata than in P. scalprata scalprata. These
phylomorphogenetic trends continue within the P. scalprata
line. In P. scalprata postscalprata the apical horn is
relatively to the pseudothorax still longer and the
pseudoabdomen 1is considerably tonger than in P. scalprata
scalprata {pseudoabdomen about as. long as pseudothorax 1in
P..scalprata postscalprata). Finally, in P. rhombothoracata
ISHIGA & IMOTOQ, 1980 the pseudoabdomen 1is clearly longer
than the pseudothorax.‘These phylomorphogenetic changes
within the P. scalprata line vield therefore very important

stratigraphic data.
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Subgenus Kitoceonus KOZUR & MOSTLER, 1989

Type species: Pseudoalbaillella (Kitoconus) elongata ISHIGA
& IMOTO, 1981,

Pseudoalbaillella (Kitoconus) elongata ISHIGA &
IMOTO, 1980.
(figs. 4.H-J, 5.D,H,J,K)

1980 Pseudoalbaillella elongata n. sp. — ISHIGA &
IMOTO, p. 339~-340, pi. 4, figs. 1-4.

Material: More than 100 specimens.
Description: See at ISHIGA & IMOTO (1980, p. 339 - 340).
Occurrence: lLower Permian of Japan and Sicily.

Remarks: In some specimens an indistinct undulation, but
no real segmentation can be observed on the 1long
pseudoabdomen.

4 - STRATIGRAPHICAL EVALUATION

The radiolarian-bearing olistoliths consist mostiy of
dark gray, partly silty, hard maristones to mariy limestones
without macrofossils. Four olistoliths of this type were
quite barren, three ones yielded rich microfaunas that
consist exclusively of Radiolaria. With exception of very
few badly preserved Cenosphaera? sp. all radiolarians belong
to the Albaillellacea DEFLANDRE, 1952. The species
composition is nearly identical with radiolarian faunas from
Japan and partly alsc from other Circumpacific occurrences,

An exact correlation of our radiolarian fauna with the
Japanese radiclarian zonation proposed by ISHIGA; KITO &
IMOTO (1882} and ISHIGA (1986) is difficult, because our
fauna contains (eveh in one sample)} species that are
reported from different zones of the Japanese radiclarian

zohation. P. scalprata praescalprata is knhown there only
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from the lower Parafollicuculius IJlomentarius A.~ Z. Joint
occurrences of P. scalprata scalprata and P. scalprata
postscalprata without P. rhombotoracata indicate the'
uppermost P. Jomentarius A.-Z. of the Japanese radiolarian
zonation (=P. ornatus Zone 1in the radiolarian zonation by
KCZUR & MOSTLER, 1889). P. (Kitoconus) elongata 1is knhown in
the Japanese sections only from a short interval in the
upper part of the overlying P. rhombothoracata A. Z.

These discrepancies can be explained by our uncomplete
knowledge about the true ranges of the Permian radiolarians
or by reworking within the radiclarian bearing samples. P.
(Kitoconus) elongata ISHIGA & IMOTO, 1980 has evolived from
P. (Kitoconus) elegans ISHIGA & IMOTO, 1980 that is known
from considerable older Lower Permian beds. Between the
occurrences of both species a longer interval without any
representatives of the subgenus Kitoconus can be observed in
Japan. Therefore the first appearence of P.I(Kitoconus)
elongata may be considerable earlier than the hitherto known
range of this species.

In the upper P. Tomentarius A.Z. in Japan exist an
interval, where until now no representatives of the P.
scalprata T1ine are known. Below this interval, in the lower
P. lomentarius A.-2., only P. scalprata praescalprata is
known. Above this interval P. scalprata praescalprata is
not more present and it is replaced by P. scalprata
scalprata and P. scalprata postscalprata. Both subspecies
are freguent here, whereas P. rhombothoracata is not yet
present. Our radiolarian fauna, dominated by P. scalprata
scalprata, but still with last few representatives of P.
scalprata praescalprata and atready with first specimens of
P. scalprata postscalprata, fits well 1into this intervatl,
where no representatives of the P. scalprata 1ine are known
until now 1in the Japanese radiolarian successions (upper P.
lomentarius A.-Z.).

KOZUR & MOSTLER (1989) have revised the radiolarian
zonation ‘proposed by ISHIGA; KITO & IMOTO (1982). For  the
topmost P. Jomentarius A.-Z. they introduced the P. ornatus
Zone between the P. Jomentarius A.-Z. s.str, and the P.
rhombothoracata A.-Z. According to KOZUR & MOSTLER (198%)
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the upper P. lomentarius A.-Z. s.str. is characterized by
the joint occurrence of P. scalprata scalprata and P.
scalprata praescalprata (still named as Pseudoalbaillella
sp. cof. Ps. scalprata, like by ISHIGA & IMOTO, 1980). In
the topmost P. lomentarius A.-Z. s. str. the fTirst
representatives of P. scalprata postscalprata appears. P.
(Kitoconus) elongata is according to KOZUR & MOSTLER (13889)
already present in the ~P. lomentarius A.—-Z. According to
this revised radiolarian zonation our fauna belongs toc the
topmost F. Jomentarius A.-Z. s.str.

But most of the olistoliths consist of limestones or
hard marls with internal reworking. For this reason we
canhot guite exciude also mixed radiolarijan faunas (in our
case from the P. rhombothoracta A.—Z. with P. (Kitoconus)
elongata and from the lower P, Jomentarius A.-Z. (with P.
scalprata praescalprata). Two arguments spéak against this
interpretation

1) Just our radiclarian-bearing samples have not shown
any sedimentary evidences for internal reworking (inside the
olistolith material).

2) In the upper P. rhombothoracta A.-Z. the 1index
species Pseudoalbaillella rhombothoracta is very frequent.
In our material this species is guite missing. For this
reason we cannot recover the P. rhombothoracta A.-Z. in our
material.

According to KOZUR & MOSTLER (1989) the P. lomentarius
A.~-7Z. belongs either to the topmost Artinskian or to the
Lower Kungurian {Lower Jachtashian). In the very basal part
of the P. rhombothoracata A.-Z., conodonts of Upper
Jachtashian age, figured as WNeogondolella sp, and
Sweetognhathus whitei {(RHODES) by ISHIGA & IMOTO (1980), are
known from Japan. The P. ornatus zone and the underlying P.
lomentarius A.-Z. must be therefore older than higher
Jachtashian. On the other hand, P. lomentarius (ISHIGA &
IMOTO, 1980) has evolved from P. anfractus (NAZAROV &
RUDENKO, 1981) that is known from the Lower Artinskian and
with near related forms also in the Upper Artinskian of the
Cis-Ural. Therefore the P. JTomentarius A.-Z. 1is surely
younger than Lower Artinskian and probably even younger than

96




most of the Upper Artinskian (P. cf. anfractus was hot
figured by NAZAROV & RUDENKO, 1981; may be that this form is
near related to P. lomentarius).

After finishing this paper further two oclistoliths with
Albaillellaria were discovered at La Montagnola nsaar
Roccapalumba (sample 658) and near Cozzo Intronata at
Lercara (sample 577, see Fig. 1).

The former consists of gray, somewhat marly micritic
Timestones with a very rich pyritized radiolarian fauna.
Besides of Albaillellaria also other Radiclaria
(Entactinaria) are frequent, but badly preserved. The
Albaillelliaria, moderately to badly preserved, consist of
Pseudoalbaillella scalprata scalprata HOLDSWORTH & JONES,
P. scalprata postscalprata ISHIGA, and AP, (Kitoconus)
elongata ISHIGA & IMOTO. This fauna is seemingly only a
1ittle younger than the above discussed one. This is
insofar very interesting, because also conodonts are present
in this sample: Mesogondolella intermedia (IGO), see fig.8
B and C. This fauna indicates a Kungurian (Jachtashian) age,
a good confirmation of the above menticned dating of the
radiolarian fauna by KOZUR & MOSTLER (1989).

In the latter (an ammomoid- and brachiopod-bearing
olistolith of a limestone with intraformational breccia) few
Albaillellacea, mostly P. scalprata scalprata, were found.
The combined evaluation of the present conodonts M.
idahoensis (YOUNGQUIST; HAWLEY & MILLER), Sweetognathus
guizhouensis BANDO et al. and radiolarians allows a
placement of this sample into the tatest Early Permian
(Chihsian).

5 — PALEOGEOGRAPHIC IMPLICATIONS

The investigated radioclarian fauna consists exciusively
of species from the Circumpacific realm. Even the new
species, Spinodeflandrella ? siciliensis n. sp. belongs to a
phylc orphogenetic 1ine that has only representatives in
this ~ea and the holotype of Pseudoalbaillella scalprata
prae. ilprata n. subsp. was choisen from Japanese material.

Becat : radiolarians are pelagic animals, a broad pelagic
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connection must be present over the huge distance from the
Circumpacific area to Sicily during the Early Permian time.

Further on the findings in the studied outcrop of Middle
Permian (Capitanian) and Upper Permian (Abadehian) deposits
with Albaillellacea and other radiclarians (fig. 5.D-K) as
well as psychrospheric deep-water ostracods, described in
separate papers, indicate that we had during the Permian
continuous deep water conditions. These deposits consist
mainly of gray shales, siltstones, sandstones and marls of
Lower Permian and basal Middle Permian ages and of red
shales and allodapic limestones of Upper Permian age.
Adjacent to these deep-water sediments we find pelagic and
shallow water sediments (reef-slope and reef-limestones),
known only from olistoliths in the gray shales from the
basal Middle Permian and from the Middle Permian {(Wordian)
blocks of the Sosio Valley area.

Seemingly the deep-water conditions continued throughout
the whole Mesozoic and Early Tertiary. In the Triassic, the
Ladinian 1is represented by the radiolarite-nodular cherty
iimestone sequence of the Torrente San Calogero section,
until now unknown from Sicily (see CATALANO et al. 1988 and
in press). These sediments are overlain by pelagic Upper
Triassic cherty limestones, in its lower part with some gray
marly intercalations. These intercalations have been often
placed into the Mufara Formation but they are facially and
faunistically different from the Mufara restricted basin
deposits. As already known {CATALANO & D’ARGENIO, 1978) deep
water conditions continued above the Triassic until the
Tertiary.

The clear faunal connections to the Circumpacific area
(the rich Upper Permian Albaillellacea associations are even
known only from Japan and Siciiy), the presence of
psychrospheric Upper Permian ostracods and the persistence
of deep water sedimentaticn with open connection to the
Permian Pacific does not argue in favour of a deep
intraplatform basin. Moreover, the ciimate during the
Kungurian and younger Permian times was so strongly arid
that any shallow water connection with the Permian Pacific
would have salinar conditions in its terminal parts.
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Therefore we must assume epioceanic conditions in a rather
broad seaway.

When looking for regional connection of the Siciltian
Permian deep-water deposits, than we find shallow-water
Middle Permian rocks (thick clastic rocks, partly
carbonates) 1in Tunisia and reworked Middle and Upper
Permian shallow water deposits {present as pebbles) in the
Upper Scythian fiyschoid rocks of the Lagonegro Basin
(Southern Itaiy). The Permian of Tunisia could represent the
southern margin and the Permian of the Lagonegro Basin the
northern margin of the pelagic Permian Tethys recognized in
the Sicanian Basin.

Toward the east, we find in the Phyllite Unit of Crete
Island likewise pelagic Lower and Middie Permian (FORSTER et
al., 1983, 1984; KRAHL et al., 1983, 1986; KOZUR & KRAHL,
1987). Further toward the east, any northern pelagic sea-way
("Paleotethys”) can be excluded, because in the Caucasus as
well as in Transcaucasia and in Central Iran no pelagic
Lower Permian sequences are Kknownh. Really uppermost Lower
Permian ({(Chihsian) shallow-water sequences without pelagic
faunas occur in Transcaucasia and Central Iran, whereas the
basal Lower Permian is guite missing. So, the pelagic Lower
Permian connection must be situated between Gondwana and the
later Tethyan median platforms (Menderes, Kirsehir, Kavir,
Lut, Helmand, Chaman), if it was not situated across parts
of the present day Indian Ocean. This view, expressed by
KOZUR & KRAHL (1987) was confirmed by the discovery of
pelagic ammonoid-bearing Middle Permian in NE Irak (VAéféEK
& KULLMANN, 1888) and red radiolarites of latest Middle
Permian age in the Hawasina nappes of Oman (BLENDINGER,
1988; DE WEVER et al., 1988)

The continuation toward the east can be found in the
Scuthern Pamir, Central Afghanistan, SE-Asia. All these
areas with pelagic Lower Permian have a marginal position to
Gondwana. The Gondwanide influence is still clearly visible
in the Jlowermcst part of Lower Permian, .where clastic
sediments prevail and the Tethyah warm water fossil]
assemblages are not yet present. Only since the highest
Lower Permian biogenic, partly reef limestones with rich
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occurrences of Tethyan warm water fossils (calcareous algae,
highly diversified fusulinid faunas, corals, Tethyan
brachiopods, crinoids, highly diversified conodont faunas)
prevail. Seemingly a similar succession existed also in the
source area of the well known Permian blocks of the Sosio
Valley region (Sicily). The rich Tethyan warm water fossil
associations begin here with the conodont-bearing biogenic
limestones of Chihsian age or a little earlier and continue
into the Middle Permian with the well known Wordian
ammonoid, reef and fusulinid limestones from the Sosio
valley. The radiolarian-bearing samples (here studied), in
turn, show 1lithologically still transitional character to
the more clastic Lower Permian deposits and are lacking of
macrofaunas as well as fusulinids.

It is hardly to imagine that this pelagic sea-way was an
about 10.000 km Tong, wide deep-water gulf on continental
crust. At least parts of this sea-way must have oceanic or
suboceanic crust (e.g. Oman), separating the later Tethyan
median platforms, already in this time, from Gondwana.
During the Permian time also Apulia was separated from
stable Africa by a long persisting zone probably with
oceanic or thinned continental crust; during its Mesozoic
history this sector was seemingly more related to Africa.
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- Fig. 3 — A-G: Pseudoalbaillella scalprata scalprata HOLDSWORTH & JO-
NES, x 210, A; rep.—no. CK/II-21, B: rep.—no. CK/I1-27, C: rep.—nio.
CK/H-61, D: rep.—no. CK/II-14, E: rep.~no. CK/II-12, F: rep.—no.ll-
13, G: lateral view, rep.—no. CK/II-9. — H and {; Pseudoalballeila
scalprata praescalprata KOZUR, n. subsp., x 210, H: lateral view,
rep.—no. CK/1I-10, I rep.—no. CK/II-8. All specimens are from the
Torrente San Calogero section WSW of Pietra di Salomone (Sosio
Valley, Western Sicily), sample S 3a, dark-gray, silty hard marl of
latest Artinskian or more probably Early Kungurian (= Early Jachta-
shian) age, uppermost Parafollicucullus lomentarius A —7. sensu KO-
ZUR & MOSTLER, olistolith from the basal Middle Permian (Ku-
bergandinian) Olistostrome Unit (Unit A in fig. 2). Collections of
Dipartimento di Geologia e Geodesia, Palermo University.
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Fig. 4 — A and B: Pseudoalbaillella scalprata praescalprata KOZUR, n.
subsp., x 210, A: rep.—no. CK/1I-7, B: lateral view, rep.—no. CK/II-
11. — C-F: Pseudoalbaillella scalprata postscalprata ISHIGA, x 210,
C: rep—no. CK/II-4, D rep.—no. CK/II-5, E: rep.—no. CK/11-6, F:
rep.—no. CK/HI-66. — G: Spinodeflandrella ? siciliensis KOZUR, n.
sp., apical part broken away, x 310, rep.—no. CK/II-19. - H-J:
Pseudoalbaillella (Kitoconus) elongata ISHIGA & IMOTO, x 210, H:
rep.~no. CK/II-1, I rep.—no. CK/II-2, J: rep.~no. CK/II-3. Al speci-
mens are from sample S 3 a (see fig. 3). Collections of Dipartimento
di Geologia e Geodesia, Palermo University.
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Fig. 5 — A-C: Spinodeflandrella ? siciliensis KOZUR, n. sp., x 310, A:
holotype, rep.—no. CK/II-15, B: rep.~no. CK/[I~16, C: lateral view,
rep.—no. CK/H-17. — D, H, J, K: Pseudoalbaillella (Kitoconus) elon-
gata ISHIGA & IMOTO, x 170, D: rep.~no. CK/V-50, H: rep.-no.
CK/V-54, I. rep—no. CK/VI-25, K: rep.—no. CK/VI-26, — B-G:
Pseudoalbaillella scalprata scalprata HOLDSWORTH & JONES, x
170, E: rep.—no, CK/V-53, F: rep.—no. CK/V-49, G: rep.—no. CK/VI-
29— 1 and L: Pseudoalbaillella scalprata postscalprata ISHIGA, x
170, I rep.~no. CK/V-52, L: rep.—no. CK/VI-28, The specimens 5.
A-C are from sample S 3a (see fig. 2). The specimens 5. D-L are
pyritized radiolarians from sample 658, olistolith of gray radiolarian
calcilutite of Kungurian (Jachtashian) age (Parafollicuculius ornatus
Zone) from the basal Middle Permian Olistostrome Unit (Unit A in
fig. 1), locality and repository place as in fig. 3.
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Fig. 6 — A: Pseudoalbaillella scalprata postscalprata ISHIGA, x 170, rep.—
no. CK/V-51. — B and C: Mesogondolella intermedia (1GO), x 170,
B: adult specimen, oblique lateral view, rep.—no. CK/V-48, C: juveni-
le specimen, upper view, rep.—ho. CK/V—47. - D Follicucullus n. sp.
(=Follicucullus scholasticus, morphotype II sensu ISHIGA, 1983), x
160; rep.—no. CK/I1-81. - E: Ishigaconus scholasticus (ORMISTON
& BABCOCK), x 160, rep.-no. CK/III-70. - F: Pseudoalbaillella
eurasiatica KOZUR; KRAHL & MOSTLER, x 170, rep.~no. CK/1I-
50. — G: Ishigaconus 7 n. sp. A, x 170, rep.-no. CK/11I-27. — H:
Parafollicucullus n. sp. (=Pseudoalbaillella sp. cf. fusiformis sensu
NISHIMURA & ISHIGA, 1987, x 170, rep—no. CK/III-26. - L
Phaenicosphaera mammifera (NAZAROV & ORMISTON), x 170,
rep.—no. CK/III-39. — J: Highly evolved Follicucullidae, n. gen. .
sp., x 160, rep.—no. CK/HI-52. — K: Follicucullus ? n. sp. aff. charveti
CARIDROIT & DE WEVER, x 320, rep.-no. CK/I11-45. The speci-
mens 6.A-C are from sample 658 (see fig. 5.D-L). The specimens
6.D-K are from sample 655, red, soft clay with psychrospheric
deep—water ostracods and mass occurrences of Circumpacific radiola- -
rians (Unit B in fig. 2), latest. Middle Permian to lower part of Late
Permian (Follicucullus ventricosus — Ishigaconus scholasticus A.-Z.
to Follicucullus ? charveti — Imotoella triangularis A.-Z.). Locality
and repository place as in fig. 3. '
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SULL'ESTRAZIONE DEL CALORE DALLE ROCCE CALDE SECCHE
Nota di de'Medici G.B.{(°) Mazza S.(°) Sinno R.(°°}
presentata dal sccio ordinario Bruno D'Argenio e dal socio
corrispondente Tullio Pescatore.

Adunanza del 4 Novembre 1989

RIASSUNIQ
Nel! presente lavoro sono descritti i serbatoi
geotermici «classici di tipo idrotermale,per lasciar
spazio,poi,al processgo di egtrazione del calore
dalle rocce calde secche. Infine sono paragonati i
potenziali termici sfruttabili di tali tipi dai
gerbatoi con l'equivalente di un giacimento di
idrocarburi.
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between the exploitable thermal potentiality of that

type of reserveoir and the equivalent of a
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Con'e' noto,specie in gqueegti ultimi anni di
risveglio dei problemi energetici e .delle comi’
dette fonti "pulite" ed alternative,quande si parla
di riserve geotermiche ci =i riferisce,1l piu' delle
volte,al serbatol geotermicl tradizionali cioce’ agli
accumuli endogeni di tipo idrotermale. E' pure noto
che detti giacimenti possono essere schematicamente
classificati =ia in funzione delle caratteristiche
meccaniche e geologiche delle rocce,sia della natura
chimico-figica del fluide in esge contenuto. Le
Figg.l1 e 2 c¢i dannog 1'idea dei due sechemi
fondamentall con cui puo' essere inguadrato un campo
geotermico tradizionale.. [Smith M.C.,Mc Farland
R.D..{1)]. Nel primo caso ' illustrato un sistema
geotermico con acquifero confinato, costituito da
una fonte di calore {plutone intrusivo),da una
roccia serbatoio e da una copertura impermeabile. Il

serbatoio e' costituitec da una roccia permeabile (in

genere calcarea}, fratturata,in contatto con i
circuiti delle acgue di falda. La raccia
impermeabile consente di determinare condizioni

favorevoli all 'accumulo del fluidco nel sottosuolo,e
ad impedire lo scambio termico,per cnnveéione,con le
rocce sgovrastanti. In queste sistema 11 calore viene

trasmesso verso l'alto per MEZZO di
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Fig.l - Sistema geotermico c¢on acguifero
confinato.
r::: Plutone intrusivo. fr.Roccia serbatoio.
Roccia incaseante. ' Roccia imp.di cop.

clrcuiti di convezione chiusi,che &1 originano
all'internc delleo acquifero confinato. L'acqua si
trova in pressione e la circelazione di tipo
forzato,tende ad omogeneizzare la temperatura del
serbatoio. HNei gistemi ad acquifero libero,Fig.2,
invece,non avendosi la copertura impermeabile,il
fluido deil circuiti convettivi aperti trasmette il
calore verso l*'alto, addirittura fino alla

superficie.

Fig.2 - Sistema geotermico con acquifero libero.
~Plutone intrusivo.
Acquifero.
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In presenza di un acquifero libern,con gradiente
geotermico normale,naon posEQno ottenersl
concentrazioni di calore =significative,anche 1in
considerazione del fatto che l'acquifero viene a
trovarsi in contatto con l'acqua di infiltrazione a
bassa temperatura. A tale propoeito va ricordato che
81 intende per gradiente geotermico la differenza di
temperatura,in gradi centigradi,esistente tra due
superfici distanti 100 metri una dall'altra lungo la
verticale nella crosta terrestre superiore. Un
gradiente geotermicao medio di 3°C/i100m rappresenta
un valore normale. Relativamente alla natura dei
fluidi,i "reservoire" geotermici possono essere
costituiti da accuhuli di acgua calda
pressurizzata,in condizjonl ipercritiche,da serbatai
di wvapore saturo e secco,o0 surriscaldato (caso
migliore per un corretto sfruttamento indﬁstriale)
ed,infine,da miscele liquido-~vapore,

con la fage liquida prepaonderante ("water
dominated”) oppure <con il wvapore in quantita’
nettamente maggiore ("dry steam").

Esaurita questa premessa,necesgaria per una logica e
corretta articeoclazione della materia in esame,c'e’
da osservare che esistono numerose zone

geotermiche,non necessariamente caratterizzate da
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eruzioni di wvapeore o di acqua calds,ma che
presentano,per contro,elevati ed anomaii gradienti
geotermici, anche a profondita’ nan
eccessive,facilmente accessibili. si tratta,in
effetti,di formazioni rocciose che,trovandosi,per la
loro collocazione geologica a temperature
elevate,magari a distanza non molto elevata da una
sacca magmatica,rappresentano una potenziale risgorsa
di energia,se cosi’® =&®i puo' dire,allo "stato
solido",con la grande limitazione,pero’,di una
gcarsa,se non addirittura nulla,circolazione di
acguae. Il problema diventa, pertantc,quello di
creare una permeabilita® artificiale in detti
sigtemi,fratturandone Buna notevole zona,mediante
l1'iniezione, dall'alto,di acgqgua in pressione. In
genere dette formazioni rocciose asciutte si trovano
ad una temperatura oscillante tra i 300 ed i 500 °C
ed 2 3 o 4 Km di profondita'. Secondo alcuni
autori, [Makarenko F.;Xonov V. (2)]1,1e aree
interessate da rocce di gueste tipo occuperebbero
circa un decimo della superficie terrestre.

Nel «camo di idrofratturazione 1'acqua che viene
intettata ha una duplice funzione. Da una parte il
suo impatto,a notevole pressione,con la roccia

erigtallina serve a creare cavita' e fratture nella
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roccia etessgaj;dall 'altra esea funge da fluido terﬁo-
vettore per l'estrazione ed il +trasferimentc dei
calore dalla roccia. Le superfici che delimitano le
crepe verticali formatesi nella roccia,di pochi.

centimetri di spessore,fungono da scambiatori

termici,mentre le cavita' sgono,per cosl' dire,i
"bollers"” da cui viene pompata,verso l'alto,l'acgua

per estrarre il calore dalla roccia. Dopo essersi
riscaldata,l 'acqua,in circalo gotto forma di
liguido,vapore o dl miscela ligquido-vapore torna in
superficie attraverso un secondo pozzo.Fig.3 -
[Kruger P.;Ramey J.H. (3)].

La risalita avviene mediante pompaggio,che puo’
essere arrestato una volta che =i =siano instaurati
fenomeni di convezione naturale nel fluido. Il
disegno mestra che la perforazione dil  iniezione
(deviata nel tratto piu' profondo) deve Iincontrare
la cavita' sotto la trivellazione,per l'estrazione
che avviene in un =econdo tempo. In superficie i due
pozzi distanc !'uno dall'altro tra i 20 ed i 50
metri. la massa m di una formazione di rocce calde
secche,di volume V,densita' media P ,porosita’ ¢ e

calore specifico medio C e' data da :

m = pV - (1-¢) (1).
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Se quest*ultima gublece un ahbaszamento di
temperatura AT la guantita' ideale. di calare

egtraibile e' data da :

Qi = pV e (1-¢)C-aT (2)
La quantita' reale di calore estraibile,invece &'
data da :
Q = (pV e (1-¢)-C AT (3)

ove f e' un fattore correttivo,numerico,compreso
nell 'intervallo (0,1),che tiene contoc del rendimento
dell 'operazione di estrazione del calore. Dalla (3)

gi ha

or
V=H=1p(1-¢)cm (4)

3
in cui H,espressa in Kcal/m ,rappresenta
l'energia volumetrica estraibile realmente. Per una
formazione roccilosa massiccia, caratterizzata dai

seguenti parametri :
p = 2600 Kg/m?3 X ¢ = 0.25 ; { = 01
C = 0.30 Kcal/Kg°C ; AT = 200°C
gi ha dalla (4) :

H = (01)-(1-025) - (0.30) - {200) = 12.000 Kcal/m?3.

Assumendo per il petrolio un potere calorifico medio

‘ 3
pari a 10000 Kcal/m ,81 ha che il suo guantitativo
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necesgsgario per fornire lo eteasso ammontare
energetico,teste’ calcolato,risulta pari a 1.2 m3 ~
Secondo tale risultato 1 Km3 di roccia potrebbe
fornire energia parli ad un grande giacimento
petrolifero di 1200 miliardi di litri.

Studi di modellistica termofluidodinamica ed
esperienze sul campo ed in laboratorio [Report LA -
4647 Los Alamos Scientific Laboratory (4)] hanno
portato a due equazioni; la prima interlega 1le
temperature Tl e T2 dell 'acqua dell'impianto in

uscita (fase di iniezione) ed all'ingresso (fase di

recupero) con la temperatura media T del serbatoio

geotermico e altri parametri operativi (come
gradiente geotermico) @ E = °C/m
A K 4 -

T, =T e “"(T'Tf>'(1-e )4.}(] (5)
ove le temperature Ti sono espresse in °C,]1 e’ la
lunghezza della sezlone di calcolo in m ed A e un
parametro,caratterizzante lo gcambio

termico,definito da :

L mdK
- WC
in cui dw e' il diametro del pozzo in m,W e’ la

produzione dei pozzi in = Kg/h.

La =seconda egquazione e relativa alle 2zone di
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frattura :

A, K A —
T, e + TA' -(1.0”)+Klt (6)

"

dove T3 e T2 Ecno le temperature dell 'acqua
all'usecita e allo ingresso delle fratture,in °C,T e
la temperatura media,in °¢C, del reservoir, l_. la

f

gsommatoria delle zone lineari di frattura espresse

in metri,e=ssendo : 11 q K}
A=
f WC
in cuil df e' il diametro della frattura,in m,con K%
coefficiente di scambio termico nella =zona di

frattura espresso in Keal/hm? °C.

Tornando al discorso di base generale c'e' da dire
che la formazione di crepe nella roccia puo' essere
indotta,ocltre che da fratturazione idrauvulica,anche
da processi di stress termici o da impiego di

esplosivi. Dette frantumazioni servono a realizzare

una permeabilita’ eX-novo,oppure . ad
aumentarla,esaltando il diametro di crepe
preesistenti,o rimuovendo i depositi che

tenderebbero a richiuderle. L'introduzione di fluidi
piu’ freddi in una formazione geotermica gia'
fratturata,naturalmente o da metodi 1draulici o da
egsplosivi ,produrra' . in essa un gradieﬁte di

temperatura,a sua volta responsabile dell'insorgere

di uno stato tensionale,causante l‘'allargamento di
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crepe preegietentl o la formazione d4i altre nuove in
seguito alla non omogenea contrazione del materiale.

Come &i wvede,gquindi,i{ due metodi di fratturazione

idraulica e termica - possonog,anzi debbono,
conesiderarsi complementari ed integrativi. La
contrazione volumetrica AV sdovuta ad un
ahbassamento di temperatura AT della

roccia,sara' data da :
AV = V B AT (7)
dove ﬁ e' .il coefficiente di egspansione
volumetrica,in o0 ~1
In seguito a detto abbaszamento AT di temperatura

81 riesce,come gia' visto,ad estrarre dalla roccia

una quantita' di calore ideale Qi data da :

Q =pv(i-9)car (2)
Dal rapporto AV/C% si ha :
Av _____[_3______ ‘
da cui —6;-_. pC(j-(b) (8)
(pa _Gb
YA (o)
Da calcalt fatti,relativamente a masse

granitiche, inpiegando le
equazioni ed 1 parametri scritti in precedenza e
ricordando che per un granito e’

= (248) 10° [cy!

si e’ vigto che per ottenere una produzione di
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energia pari a 2.4 Mw h,sl verifica una contrazione
globale di volume A4V pari a Ay =100n§

Come &1 evince dalla (9) la gquantita' di calore
estratta dipende dal volume dei vuoti e,guindi,in
definitiva,dalle crepe prodotte. Per impedire a
gqueste ultime di. chiudersi si agglunge sabbia
all'acqua;viceversa 1'aggiunta di un gelificante
all'acqua tenderebbe a stagnare nella frattura le

superfici permeabili. Detti processi di estrazione

del calore dalle rocce calde asciutte furono
sperimentati per primi dagli americani nei
laboratori "LASL" di Los Alamos nel Nuovo Messico.

C'e' pero' da dire che,vuoi per la leggera stasi che
ha avuto la geotermia' in generale,vuoi per le
difficolta’ stesse,annidate in tali
operazioni,queste tecniche sono ancora,dopo un certo
numero di 'anni,rimaste ad uno stato
sperimentale,gquasi pionieristico. In Italia,a

Cesano,nel Lazio,si e cercato di fare,e =si sta
facendo, anche se con molta lentezza,qualcosa di
simile.[Geotermia e Regioni - Atti Convegno
Chianciano = 1977 (5)]. ©Si spera di poter fare
altrettanto,ovviamente =solo dopo attenti studi di

carattere geologico e petrografico anche in

Campania,dove "aree termiche secche”,pure dovrebbero
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egpervene,ed anche in proporzioni non trascurabili.
In dette zone una “"geotermia artificiale™ potrebbe
essere,addirittura,paradossalmente,da preferirsi a
manifestazioni +termali spontanee,dal momento che
alcuni pozzi attivi "umidi®,tipo il pozzo TRE-CASE 1
scavato dall "Agip nel comune di Boscotrecase
(NA) ,hanno dovuto esgsere abbandonati,specizlmente
per l'elevato contenuto di sali e di =ostanze nocive

nel fluido erogato.
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Il metodo della fratturazione idraulica, com'e'noto,
consiste in wuna tecnologia che consente di creare
artificialmente, con I'immigsione di acqua in
pressione, condizioni di permeabilita’ in magese di
' rocce originariamente impermeabili, ma dotate di un
elevato gradiente geotermico, a profondita' non
eccessive, in modo da poterne estrarre calore. [Rau
H. (1)]. Detta operazione richiede a monte la
conoscenza del meccanisemi di indebolimento della
roccia, della elasticita’, della plasticita’',
dell 'omogeneita’, dell'isotropia del materiale,
degli effetti della penetrazione del fluido e cioe’,
sostanzialmente, dello studio dello stato di
tensione e di deformazione del materiale. [Atti dei
Convegni Lincei.1977. (2)]. Consideriamo un cubetto
elementare di roccia posto ad una profondita' h

rispetto-alla superficie terrestre. Fig.l.

iz

-

i i

Fig. 1
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Sulla faccia di normale z =i esercita una pressione
pari a Py =-(y*h) (1), dato l'orientamento
scelto per 1'asse z. Detta pressiocne sara’
bilanciata dalla tensione interna(diretta lungo +z2):
o, = (y+h). (2).
Per effetto di DZ l'elementino considerato dovrebbe
allungarsi nelle direzioni x ed vy, il che,
ovviamente, non avviene se g1 considera
indeformabile la restante roccia confinante che, in
pratica, egsertita una comnpressione sulle facce di
normali % ed y. Per tale ragione sulle stesse facce

sorge uno stato tensionale 0, '@ '!,UY CON 0, w= a0, = Oy »

Y
in direzione +x & +¥y.
Per il calcolo di detto valore, richiamando

l'osservazione di allungamenti nulli nelle direzioni

x ed y, sara'!

8| o, +0
y z
— c - YL .z -
essendo _1_ s ny-i-cz _ ¢
E y m y (4)
Dalla (3) g1 ha:
o, = O, = O = = o — (5)
y X H (n}4 ) 1-v
Nelle formule riportate e' E = modulo di elasticita’
lineare della roccia o moduleo di Young = Kg/cm?;
v = 1l/m = coefficiente di Poisson (numero puro) .
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I wvalori +trovatl per Gzeﬁh rappreseentano 1lo
stato tensionale in tutti i punti distanti h dalla
eupaerficie terrestre, per effetto della sola
pressione litostatica degli strati di roccia
govrastanti. Supponiamo ora di effettuare un foro di
trivellazione di raggio ¥, nella roccia e di
pomparvi un ligquido (in genere acgua). Sia po la =ua
pressione idraulica alla profondita’ h. Per
cvalrolare lo etato tenmionale in un generice punto M
distante r da O, dovuto alla po congideriamo un
gigtema di coordinate polari [, con origin% in G,

centro del foro nel piano z = h {(piano parallelo al

piano del foglioc). Fig.Z2.
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Riferite a tale esistema le eguazionili d4i equilibria
di Cauchy, trattandosi di wuno stato pilanc di
tensione, con le tensioni, cioe', indipendenti da =z,

si scrivono:

6O-r 1 61:0 9.~ %

ST tTse t oy *R=0

°)
1 89, 51, T (6)
350 T s teiT =0

In dette eguazioni R rappresenta la componente
radiale della forza di massa che nel nostro caso
coincide con la forza peso, agente lungo z, per cui
sara' R = 0 e le (6) diventano:

60'r 1 51;0 G.-%

St T T%e T =0
(7)
1 80, 814 "0
T¥e e "7 70
Le tensioni G,y Tg. Ty contenute nelle (7)Y,

pesseono ricavarsi, caon le posizioni che vedremo,

mediante un'unica funzione F r {§ detta funzione di

Airy: 2
: 1 6F 1 98 . 2
th_r— r +._2- 2 ‘ ,_5F
50 0 = —
S&r (8)
2
. 1 0F 1 & F
0 286 1 8rdo
(*} Con il simbolo § 1in tutto il lavoro s'intenderad derivata
parziale.
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Le (8),

soddisfano.

calcolo

infatti,

Il problema =i

della funzione F (r, 0 )

goetituite

nelle (7}, le

riduce, allora, al

che deve soddigfare

l'equazione di

L1818 N f FF sk 1 8F)
ror 2 se T2 LA i ' .
La funzione F(r,e )deve soddigfare la congruenza
perche’', se la terna di tensioni qﬁe Tk non
rispettasse detta equazione, nei  individueremmo

congruenza interna:

certamente una deformazione del sistema,

a nessuno

potrebbe escludere in esso 1'inscorgere di vuoti o di

sovrapposizione di materia. Questo in termini
figici; ragionando in termini matematici, invece,
non - potremme mai essere sicuri, una volta fissata
una terna di wvalori GUB T di arrivare ad una
coppia di funzioni continue ed uniformi u e v,

caratterizzanti gli spostamenti

{nel pianc).

Per

tensioni

simmetriche

rispetto al

(tensioni

diventano:

indipendenti dall'anomalia ¢ )

o - L dF
rT ¢ dr
10
2 (10)
. &
) =
dr2
'cm=0
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egpregee, ovviamente, in termini di derivate totali,
per cui 1'equazione (8) di congruenza interna

diventa:

4 3 2
dF 2dF 1 dF 1 dF
— v T 5 7z tFar = (11)
dr Fdr ¢ odr r
che e' un'equaziocne differenziale ordinaria, del.
gquarto ordine,non lineare che puo' egsere

trasformata in un'eguazione lineare, omogenea, del

gquarto ordine, a coefficienti costantl, con la

posizione r = et (12} per cui la {11)
diventa: 4 P 2
F :
-df--4d3+49—25=o (13,
-dt dt dt

di eguazione caratteristica associata:
of - 4ad + 4ot =0

che ammette le radici deppie 0 e 2. L'integrale

generale della (13) sara' allora:

F=A=+Bt+Ce +Dle (14)
Combinando la (14) con la (12) si ottiene:
F(r) = A+ Blar+ Cr + D@ Inr (15)
Se, come nel nostre caso, sono indipendenti

dall'anomalia O anche gli spostamenti, 1a (15)

diventa:

F(r) =A +Blar + Cr (16)

Per verificare guanto asserito basta confrontare le

componenti della deformazione, espresse in
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cgoordinate polaril, con le relarzioni eche le

legano
alle componenti di tensione e cioce' le:
du 1 v u
8 — e— I e — A
! or ' 80 r 56 T
_1su 8y v (17)
To = r &0 5r 1
1 Co
8r = E? G{- ET )
1 O,
alle =gl o -— (18)

5=
1
O =

essendo G 11 modulo di elasticlita' trasversale del
materiale o seconda costante di Lame' [=] Kg/cm?.

Dal confronto tra le (8)=(15)-(17)-(18) =i ha:

U= ( m+ ) -B+2(Ei)~mm-(—rﬁ-ﬂ) -Dr+2(-r—tl'-1—) .Cr
E m m m m

+ C, sen0 + C, cos 0

v 4Dro 6 - =
=TET Y ARAY cos0 - C, son0
Ora, affinche' glli spostamenti 4y e v giano

indipendenti da § deve essere:

D=C =0C, =0

il che implica la validita' della (16).
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Combinande la (16) con le (B) gi ottiena:

B B
0’r='—2'+2C='—2—+A
r r
B B
G = -5 +20=-—+ A (19)
r r
T, = 0

Per calcolare le costanti di integrazione B ed A=2C,

ci serviamo delle condizioni ai limiti seguenti:

C-I_.1. r = O — —
pe r G, = Gy = O
C. L 2 per [ = rO 0-r P .po
Dalle (19), si ha, gquindi,:
2
A—_—GH : B:-ro(p0+GH) (20)
Alla luce di gquanteo calcolato, le state tensionale
nel punto M e' pertanto: 2
JAR AR
Grch'(p0+Uff)‘iTj
\
e
r
O'G:'O'H--{-(po +0'“). { hgj (21)
r
ATy
0
T T
Sul bordo del fore (cioe’ per T =rb }lo stato
tensionale, allora, diventa:
0} = -~ po
% = 29y + p
(22)
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Ora, affinche' Qgj {che ' la reeponeabile diretta
dell 'apertura della fesgsgura stesss) gia di
compressione, deve essere negativa, per cui dovra'
essere:. 00”‘(20}.{ + Py ) < 0.

A wvalle della trattazione analitica sugli sforzi di
compressione da esercitare nei processi di
idrofratturazione e' opportuno, per avere una chiara
idea sugli ordini di grandezza delle pressioni da
esercitare, estendere 1 calceli fatti ad alcuni
tipi di roccia. Tutto guesto per poi poter
confrontare tra di loro i risultatil teorici ottenuti
anche in relazione a prove pratiche fatte
sperimentalmente in laboratorio {dall 'Agip)
simulando le condizioni che si verificano realmente

in Natura.

A)- ROCCE GRANITICHE. Il campione preso in
considerazione, da una descrizione macroscopica,
risulta essere una roccia intrusiva, olocristallina,
leucocratica, a grana media con guarzo e feldspati.
Da wun'analisi petrografica si evince c¢che detto
granito e’ composto da guarzo, ortoclasio,
plagioclasioc, oligoclasio, biotite ed apatite come
3

accessorio. Per tale materiale e' v 0.2e7:5 s¢gr/em

per cui, applicando una formula trovata in
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precedenza, sl haz:

vy
Ty ) YR

T

cioce', nel nostro caeo:

0.2
— — v . .:_ = . ) - h
o, = 2 ( 08 | v+ h Py 0.5« vy + Py

Per aversi uno sforzo di compressione dovra' eseere:
[Pol > 05+ v+ h
Inserendo gli altri valori numerici, si ottiene:
pp = (05)«(269)+h = 1.345 h
che in un piano ( h.DO ) rappresenta una retta di

pendenza pari a 1345. Fig.3.

i
% refladipendenza 1. 345
-
Ol n

Ad una profondita' h di 1000 m si ottiene:

Po = ((1345) - (11000 ) « (103 ) = (1345 ) - 45° 9T _

2
cm
(165 2 Kg .. Kg
=(1345) . 1o 7 = 185 —% = 134 am,
cm cra

139




B)- TUFO. Degcrizione macroscopica roceils
plroclastica pomicea, di ceolore giallo, coerente con
frammenti di rocce wvulcaniche. Da un'analisi
petrografica il campione in esame risulta essere un
tufo gialle napoletano, costituito da pomici <con
cristalli di sanidino, plagioclasioc ed argilla, per
tale roccia e v=02c¢ y=17gr/lcm?.

Dalla solita formula =i ottiene: pO ={0.85b) h e

anche il diagramma di Fig.d4.

|

R

retta di pendenza 0.85

40° 21!

Alla solita profondita' h pari a 1000 m si ha:

5 gr iKg
= 085 v i > = -l = .
po = ( ) « 10 - £5 —% = 85 alm
cm cm
C)y- LAVAE VESUVIANA. Da unsa descrizione

macroscopica il campione appare come una roccia
effusiva compatta, di colore grigio, con evidenti

cristalli di pirosseno. L'analisi petrografica c¢i
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informa e¢he ef trattse 41 una lava tefritica con

leucite, augite e biotite.

Per essa €': y . 02 ¢ vy 24 gr/emd,

Dai calcoli,ormai familiari, =i ottiene Py =(1.20) h

al so0lito una retta rappresentata in Fig.b.

rella di paendenza 1.20

N
\ 500 11"

Fig. 5

A 1000 m di profondita' si ha:p0 (1.20) 10°
g/em? =120 atm.

Prove pratiche di fratturazione idraulica sono state
fatte dall "Agip mineraria, sezione Geptermica,

utilizzando un modello di cella per

microfratturazioni, del tipo di Fig.6.
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acqua a pressione Po

G, $ l o,
Y

“k ' Oy
l / %
Y % /7 |

e W W W T e m w - --—-
..

GLIO OLIO
campione da scanclzlura dipassaggio
{ratiurare For Tanqua

Fig.6 - Schema zemplificate della cella di

microfratturazione sperimentata dall 'Agip.

In gquesto modo e' possibile applicare le pressioni o, e Oy
in maniera da simulare le condizioni naturali in
cui il campione puo' trovarsi a diversa profondita’,

facendo appunto variare il valore di g, prendendo Oy

uguale a: v
q{ = .TT;‘) '(ﬂ

Si sono ottenuti, cosi', del wvalori non molte
diversi da guelli calcolati analiticamente, con le
eguazioni prima trovate. [Verdiéni G.;Moioli A.
(3)]. Alla luce di guanto calcolato teoricamente e
confermato in laboratario si possono pertanto trarre

le seguenti conclusioni, relativamente ai tre tipi
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di roccia esamlinati :

a) Il granito &i comporta come un materiale
elastico-fragile, con un carico di rottura medic -
alto, per pressionl esercitate fino a 2000 Kg/cm?;
da tale wvalore 1in poi il materiale passa ad un
comportamento elagstico-plastico con carico di

rottura molto alto.

b) Il tufo presenta un comportamente da elastico -

plastico a plastico, con basseo carice di rottura.

c) La lava esaminata mostra un comportamento
elastico-plastice con un carico di rottura da medio-

alto a molte alto.

Ccecorre pera’' tener presente che per dare dei

giudizi piu sereni e definitivi, ci sarebbero

voluti piu campioni in egame, provenienti da
diversi lubghi. La stessa influenza della
temperatura, con la profondita' sulla roccia, che in
laboratoric non puo' essere riprodotta, gioca nei
fenomenti naturali un ruolo molto importante e

delicato. Tuttavia i risultati cui si e' giunti dopo

studl e calcoli analitici, da una parte e da prove
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di laboratorio, dall'altra, earanno certamente utili
per una nmnigliore conoscenza dello gstato dai
fratturazione naturale, della anisotropia delle
rocce, della perforabilitas' delle =stesse e dei
sistemi di apparecchiature da adottare. nelle
operazioni di perforazione. Il comportamento’
elastico, elastico-plastico e plastico di una roccia

puo far‘ ipotizzare, inoltre} il grado di
fratturazione in «cui le rocce possono trovarsgl a
varie profondita', potendosi avere, éncora, anche
indicazioni sulla riduzione di porosita’ e
permeabilita’ per effetto della pressione
litostatica. Interpretando i rigultati in termini di
" applicazione di formule analitiche, si possano
trarre le seguenti conclusioni:

1)- Considerando, ad una medesima profondita', tre
tipi di rocce con compattezza passante da una
massima, attraverso una media, fino ad una meno
forte, i - wvaleri individuati per le pressioni da
esrcitare =sulle unita' di riferimento, risulténO'
diversi.

2)- Esaminandc pol i valori derivati, in chiave di
relativita’, sii nota come mentre sulla roccia-piﬁ'

compatta occorre esercitare un tipc ~di pressione

maggiore, la stessa automaticamente decresce in
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rappotrteo diretto aila minore compattezza dells
;occia.

3)- In funzione di cio’, allaora, gara’ poegibile,
applicando le stesse formule, +trovare per ogni tipo
di roccia, 11 corrispondente valore della pressione,
con conseguente economia di impleghi attili a produrre

le relative pressioni.
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F -CONVERGENZA GLOBALE DEL METODO DELLE APPROSSIMAZIONT

SUCCESSIVE

Nota di Giuseppina Anatriello (1
Presentata dal Socio Antonic Zitarosa
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Riassuntg Cfr.INTRODUZIONE.

Abstract In section 3 of this paper, considering a
Hausdorff space X and a continuous function f from X into
itself, notion of & -global convergence of succesive
approximations method for the generalized discrete dynamical
systems (X,f) is given.

In same section the guestion of characterization of

F-global convergence is studied.,

In section 4, among other things, the gquestion of
existence of periodic points of £ of a fixed pericd is
studied.

1.INTRCDUZIONE

In accordo con [8], diremo sistema dinamico discreto
generalizzato (abbr. s.d.d.g.) una coppila (X,f} con X

spazio di topologico e f funzione di X in sé.

{1} Borsista dell'Istituto Nazionale di Alta matematica per 1'anno

accademico 1989-90




Nel n.3 di questo lavero si introduce la nozione di
gj—convergenza globale deél metodo delle approssimazioni
successive (abbr. m.a.s.) per un s.d.d.g. (X, f) con X spazio
di Hausdorff e f funziecne continua.

Questa nozione generalizza quelle di convergenza globale
del m.a.s. date in [2], [4]1, [8B].

Nel n.3 si da anche, per il s.d.d.g. (X,f), la seguente
definizione, che si riferisce ad un dato sottoinsieme M di
MN~{1}:

la coppia (M,%) si dice interessante per il s.d.d.g.
{(X,f) se le condizioni

A) Per {(X,f) il m.a.s. 5F—converge globaimente;

B) Per ogni m€M, Per (f,m)=@
seno eguivalenti.

Nello stesso n.3 wvengono indicati alcuni esempi di
coppie interessanti e si dimostrano due teoremi di
caratterizzazione della 3p—convergenza globale, nel primo dei
quali si suppone che una coppia (M, %) sia interessante per
(X,fh) per ogni h€N, mentre nel secondo, considerato 11
caso 57=33(x) con X spazlie di Hausdorff compatto
soddisfacente il prime assioma della numerabilita, si
suppone che la coppia (IN/{1}, (X)) sia interessante per il
s.d.d.g. (X,f).

Nel n.4 di guesto lavoro si indica (cfr.(4.1)) una
condizicne sufficiente affinché due interi positivi h e X
siano tali che, per una qualunque funzione g di un insieme
in sé¢, 1l'insieme dei punti periodici di g di periodo hk
coincida con l'insieme dei punti periedici di gh di periodo
k.

I1 teorema (4.1) permette di dimostrare, per un s.d.d.g.
(X, ) tale che la coppia ({m},gﬁ sia interesqante per il
a.d.d.g. (%, £h) s Vh€N, due teoremi che forniscono
infermazioni sull'insieme dei periodi dei punti periodici di

£.
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2. PRELIMINARI

Qualungue sia la funzione f di un insieme S in sé,

dencteremo con f0, néﬂq(z), l'iterata n-esima di £.

Un elemento x di S si dice punto periedico di £ di

periodo k, c¢on k€N, guando risulta:
fX(xy=x, fi(x)#x Vi€{1l,...,k}/{k};
col simbolo:
Per (f, k)
si denota l'insieme dei punti periodici di £ di pericdo k.
Evidentemente:

Per (f,1)=Fixf,
dove Fixf & l'insieme dei punti fissi di £.

Faremo uso delle seguenti proposizieni {vedi (1.1) e
(1.2) di [51):

(2.1). Qualunqgque sia l'intero positivo n,
condizione necessaria e sufficiente affinché un
elemento x di S sia un punto fisso di f0 & che =x sia
un punto periodico di £ e il suo periodeo sia un
divisore di n,

(2.2) .Qualunque siano gli interi positivi m e n,
poesto:

d=M.C.D. (m,n),
risulta:
Per(f,n) SPer(fM, n/d)

Se (S,f) & un s.d.d.q., un sottoinsieme non vuocto T di S
& detto insieme positivamente invariante {risp.
invariante) di (S,f) se £(T)CST (risp. £(T)=T) (vedi [9]).

Un insieme invariante chiuso I di (5,f) & detto insieme
minimale di (8,f} se non esiste un sottoinsieme di I che

sia un insieme chiusc invariante di (S,f) (vedi [9]).

) con N denctiamo 1'insieme degli interi positivi e con N,
1l'insieme IHU{0}.
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Richiamiame la seguente proposizione inclusa nella {3.2)
di [9]:

(2.3). Se S & uno spazioc compatto di Hauadorff
soddisfacente .il primo asioma della numerabilita e £
& una funzione continua di S in sé, si ha che:

a) il s.d.d.qg. (S,£f) & dotato di un insieme
minimale;

b) un sottoinsieme non wvuoto Y di S & un insieme

minimale del s.d.d.g. (S,f) se e solo se:

Qy)=y, VyeMm ().
3. -CONVERGENZA GLCBALE.

D'ora in poi indicheremo con X uno spazioc di Hausdorff,
con & un insieme di parti di X a cui appartengano quelle
finite e con f una funzione continua di X in sé.

Diremo <¢he per il s.d.d.g. (X,f} 11 metodo delle
approssimazioni successive 5¢—converge globalmente se,
per ogni x<€X tale che 1il- codominio della successione
(f7 (x) }he appartenga &, la successione stessa converge {a
un punto fisso di £).

E' facile verificare che:

{3.1). Se per il s.d.d.g. (X,f) il m.a.s. F-con-
verge globalmente, allora:

Per (£, k)=, VkeN-{1i}.
DIM. Siano per assurdo X€X e h€IN-{1} tali che:
{*}) T€ per(f,h),
allora la successione (fn(ﬁ))ngnq, avendo codominic finiteo e
percid appartenendo a ¥, converge.
Ma cid & assurdo in quanto lo spazieo X & di Hausdorff e

le sucessioni estratte:

3) con L2 (y) denotiamo l'insieme dei punti limite della successione

(™)) nE N -
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(ED(E) pem, (ERFL(E) ) pemy
convergone per la (*) a punti distinti.

I'asserto & cosi dimostrato.

Se X & un insieme totalmente ordinato munito deli'order
topology (risp. uno spazio metrico) e F & l'insieme delle
parti limitate di X, 1la -convergenza globale coincide con
la "convergenza globale™ definita in [4] (risp. [81}.

Se:

x={z€C / Iz F1}
la P (X)-convergenza giobale coincide con la "convergenza
globale" definita in [2].

Se X & un albero connesso per archi la P (X)-convergenza
globale non & altro c¢he la "convergenza globale® definita in
i21.

D'ora innanzi con M indicheremo un gottoinsieme di
N/{1}.

Diremo <¢he la coppia (M,?ﬁ & interessante per 1l

s.d.d.g. (X,f) se le condizioni:

AY Per (X,f) il m.a.s. 5F—converge globalmente.

B) Per ogni m€M, Per(f,m)=g,
sono equivalenti.

Diamo alcuni esempi di coppie interessanti.

1. Se ¥ & un insieme totalmente ordinato, completo e
denso in sé, munito dell'order topclogy e g & l'insieme
delle parti limitate di ¥, la coppia ({21,F) & interessante
per (X, F) (vedi 141).

2. Se:

x=(z€C /1zl=1}
e M & 1'insieme degli interi positivi pari, 1a coppia
M, P (Xy) & interessante per {X,f) (vedi [21}.

3. Se X & un albero connesse per archi dotato di un

numero finito, WM, di punti termirnali, la coppia

(12, ..., 0}, P(X)) & interessante per (X, £) (vedi [6]).
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4. Se sono verificate le condizioni:

a) X € un albero connesso per archi tale che l'insieme
dei suoi punti terminali & numerabile,

b) per ogni x€ Fixf, X-{x} & dotato di wuwn numerc finito
di componenti,
la coppia (N/{1},® (X)) & interessante per (X,f) (vedi
[31).

5. Se X=[0,1]12 e:

F(x,y)=(g(x,y) %}, V(x,y)€X,
la coppia ({4},P (X)) & interessante per (X,f) se f &
decrescente rispetto ad entrambe le variabili e inoltre,
posto:
P(x)=g(x,x), Vx€I[0,1],

o) (P (x)-x) (¢2 (x) -x)20, Vx€[C,1],

) non esiste un punto periodicc € di @ di periodo 2 ed
un punto PE€I10,112 tale che (£, 0(£)) sia un punto limite della
successione ({0 {B) ) nep (vedi [7]).

Passiamo ora a dimostrare il seguente teorema di
caratterizzazione della,glconvergenza globale:

(3.2). B8Se (M,gj) @ upa coppia interessante per
(X, £fR), Vhe€lN, allora 1le seguenti condizioni sono
equivalenti:

i) I1 m.a.s. gr—converge globalmente per ' (X, f).
ii) Per ogni h€IN c¢'é la ¥ -convergenza globale
del m.a.s per (x,fh).

iii) Esiste un intero positivo h', non multiplo
di alcun m€EM, tale che ci sia 1la ?—‘convergenza
globale del m.a.s per (X,fh'y.

~ DIM. i) # ii). Supponiamo per assurdo che la 1i) non sia
verificata, Allora, tenendo presente la (3.1), si ha
l'esistenia di un intero h, di un mé€M e di un x€X tali che:
| | x€ Per (f0, m) Crixshm,

Conéégﬁentemente,.per la {2.1), esiste m'21l tale che:
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x€Per (f,m") .

Il caso m'=1 & esclusc poiché x non pud essere un punto
fisso di fh, e d'altro canto i1l casc m'>1 &, per la (3.1),
in contrasto con la 1i).

ii) & 1ii). Evidente.

iii) 2 1), Per la (3.1) la iii) implica che:

Per(fh' )=, VreHMH-{1};
allora, posto:
dy = M.C.D.(h',n), Vn€N,

essendo:

m/dy >1, VmEM,

Per (fR', m/dy) =@, VmeM.

Conseguentemente, poiché per la (2.2) risulta:

Per (f,m) SPer (f1', m/dy), VmemM,
si ha:
Per(f,m)=@, Vmé&M.
e la i) & wverificata.

Il tecrema & cosi completamente dimostrato.

Considerando gli esempi 1 e 3, dal teorema (3.2) si
ricava in modo ovvic che:

(3.3). Se X & un insieme totalmente ordinato,
completo e dense in sé, munito dell'order topeology
(risp. wun albero connesso per archi dotato di un
numero finito, TR di punti terminali) e & &
l'insieme delle parti limitate di X (risp. delle
parti di X), la i) e la ii) del teorema (3.2) sono
equivalenti alla c¢ondizione:

j) esiste un intero positive dispari h' ( risp.
un intero positive h' non multiple di alcun numero
del” 'insieme {2,...,4}) tale che ci sia 1la F-con-
verc 1za globale del m.a.s. per (x,fh').

:lativamente a tale proposizione, notiamo che essa &
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stata gia provata in [1], limitatamente alla equivalenza tra
la i) e la §).

Un'altra applicazione della (3.2) si ottiene
considerando 1l'esempio Z.

Dimostriamo infine il seguente teorema di
caratterizzazione della & (X)-convergenza glcobale:

(3.4). Se X & uno spazio compatte soddisfacente
il primo assioma della numerabilita e (H-{1},P (x))
@ una coppia intaressanté per (X,f), le seguenti
condizioni sono equivalenti: _

i) Oogni insieme minimale di (X, £) é un

singleton.

ii) Ogni insieme minimale finito di (X, f) 4 un

singleton.
iii) pPer (X,f) il m.a.s. P (X)-converge
glecbalmente.

iv) Per ogni =x€X,la successione (EP (x) ) pcH @
dotata di un punto limite appartenente a Fixf.
DIM. i) = ii). Evidente.
1i) = 1iii). Per la ii), infatti, risulta:
Per(f,n)=@, VnelN.
e quindi la iii} é soddisfatta.
iii} = iv). Evidente.
iv)y = 1). Se Y & un insieme minimale di (X, f), per la
{2.3) si ha: e
Yy = Q (y}, Vy€y,
e quindi per la iv) esiste un ¥€Y taie che:
FErixf;
ma allora si ha:
Y-8 (¥)={¥}.

L'asserto & cosi completamente dimostrato.
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4.PUNTI PERIODICI

Utilizzando la (2.1) e la (2.2) proviamo che:
{4.1). Se g @& una funzione di un insieme in s3é e
gli interi positivi h e k sono tali che:
M.C.D.(z,k)>L Vx>l / r|n,
risulta:
Per (g, hk)=Per (gh, k).
DIM. Per la (2.2) basta evidentemente provare che:
Per (g, k) CPer (g, hk) .
Sia x un elemento di Per({gh, k); polché x & un punto fis-
so di ghk, esso & per la (2.1} un punto periodico di g di
pericdo:
h'k',con h’|h e k’|k.
Proviamo che necessariamente deve essere:
k'=k e h'=h.
Innanzi tutto, essendo h'|h, risulta:
x=gh'k" (x)=ghk’ (x)
e quindi, per l'appartenenza &i x a Per{gh,k), si ha:
k'=k.
Supponiamo ora per assurdo che:
h=rh' con r>1;
allora, posto:
s=M.C.D.(r, k),
si ha:
s>1, x=gh'k(x)=gh‘5k/s(x)r
e poiché evidentemente h'slh si ha pure:
x=g"K/5 (x) /
contro l'ipotesi che il periodo di x rispetto a gh e k.
L'asserto & cosl dimostrate.
Dalla (4.1) consegue banalmente che:

(4.2). Se g & wuna funzicne di wun insieme in sé,

qualunque siano gli interi n,s€lN e r€lN,, risulta:
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Per(g,nr+3)=Per(g“r,n5).

La proposizione (4.2} generalizza la (1.4) di [51, che
si riferisce al caso in cui n € primo.

(4.3). Se 1l'intero positive m>1 & tale che 1la
coppia ({m},¥#) sia interessante per (x,£k)y, VYk€EN,
allora, per ogni t&IH tale che:

Par(f,mﬁ)#ﬁ,
risulta:
Per (f,mi)#@, Vi€{l,...,t}.

DIM. Per la (4.2) si ha che:

Per(f,mt)=Per(fmi-l,mt_i+1), ?er(f,mi}g;Per(fmi_l,m);
conseguentemente, poiché per la (3.1} sussiste
1'implicazione:

per (£mE71, mt-i+lysp = per (£ my g,
1'assertc & dimostrato. (%)

{(4.4). Se l'intero positivo m>1 & taie che 1la
coppia ({m},g‘-) sia interessante per (x,fk),‘v’kéll\l ’
allora, qualungque siano l'elemento n di N e 1l'intero
1>1 +tali che:

M.C.D. (1,m)=1, Per (£, mil)zg@,
risulta:
rer (£f,mi)z@, Vi€l .
DIM. Per la (4.3) basta dimostrare che qualungue sia
1'intero h>n si ha:
Per(f,mh)tﬁ.
Ora, per la (2.2), risulta:
Per (£;mf1) CPer (£M71, 1)
e quindi Per(fmh_l) & non wvuoto; conseguentemente, per la
(4.2) e la (3.1) si ha:
Per(f,mh)=Per(fmh"1,m)¢g.

L'asserto & cosi dimostrato. (?)

{4) cfr., anche per la dimostrazicne, la proposizione (2.3) di [5]).

(3) ¢fr., anche per la dimostrazione, la proposizione (2.4) di [5].
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20 EPI-24-METHYLENLOPHENOL
A NEW STEROL WITH ANTIALGAL ACTIVITY1

*
Nota di P.MONACO, L.PREVITERA e del Socio L.MANGONI2

Adunanza del 2/12/1989

Riassunto - La struttura di 20 epi 24-metilenlofenolo (205~
do-metil-24~ metilen-colest-7-en-3B-0lo), definita su basi
spettroscopiche e per correlazione chimica, é& stata at-

tribuita ad uno sterclc con attivitd antialgale isclate dal-

la Typha latifelia. '
Summary- An antialgal sterol with an unusual 205 configura-

tion has been isolated from Typha latifolia. The structure
20 epi 24-methylenlophenol (208~4a-methyl-24-methylen-cho-
lest-7en-3B-0l) has been defined by spectroscopic studies
and chemical correlation.

Allelochemistry in aguatic systems has not been much
studied. The few data are mainly related to the detrimental
effects of algae on aquatic macrophytes (1} and tc the abi-
lity of algae to secrete substances that inhibit predecessor
species and stimulate successor species (2).

In connecticon with our interest in the effect of higher
agquatic plants in controlling phytoplankton in eutropic sy-
stems (3) we have now examined Pypha latifeolia L., a plant
used in traditicnal Chinese medicine as a remedy for bloody
stools.

The ethereal extract of Typha latifelia showed activity
against several blue-green algae in a paper disk biocassay
(3}. The activity was monitored during all the chromatogra-
phic separations until a pure active compound was obtained.
lA full paper on this subject has been submitted +to Phyto-
chemistry.
2Dipartiment0 di Chimica Organica e Biologica dell'Universi-

ta di Napoli.



Structure 1 of {20S)-4g-methyl-24-methylen-cholest~-7-en-
3B=-01 was attributed +to this antialgal sterol by spectro-

scopic evidences and chefiical correlation.

HO HO

1 2

Compound 1 had m.p. 176-78°, {a]D +3° and a high resclu-
tion IEMS spectrum with a molecular ion at m/z 412.3681 cor-

responding to C ¢ and fragments at m/z 397.3450,

zoag L
328.2739, 287.2320, 285.2190 and 260.2166. H-nmr spectrum
showed the H-18 and the H-19 methyls as singlets at § 0.546
and 0.836 respectively, four methyl doublets centred at §
©.985, 0.997, 1.032 and 1.037 attributed to H-21, 4g-Me,
H~26 and H-27 respectively, the H-3 methyne as a multiplet
at § 3.131, the vinylie H-7 proton as a multiplet at § 5,182
and finally the H-28 methylene as an AB system at & 4.862
and 4.709. These data were identical with those of 24-
methylenlophenol {(2), m.p. 172-73°, [u]D +6° we have recen-
tly 1isolated from the green alga Dunaliella adidophila (4)
with the exception of the H-21 methyl resonance which was
0.024 ppm downfield in 1. By analysis of several sclutions
of 1 and 2 such a difference in the chemical shift was shown
to be indipendent of the samples concentration.

Alsoc the 13C-—nmr spectra of 1 and 2 (4} showed no remar-
kable differences being only C-18 0.4 ppm upfield and C-22
0.34 ppm downfield in this latter.

Significative diffegences between 1 and 2 were instead
found in the proten proton NOE differences spectroscopy and
in the biolqgical properties :in fact NOE to H-21 methyl
from the H-18 one was present only in 24-methylenlophencl
{2) as well as when a sample of 2 was checked for its anti-

algal activity in the paper disk bioassay no trace of acti-
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vity was monitored.

All these data suggested that 1 could have an inverted
configuration at C-20 even 4f in a previous paper on 20 epi-
cholestercl (5) as well as in a paper on different 24-
methyl-sterols (6) a 0.09 ppm upfield shift of H-21 was re-
ported for the 2035 stereomers. As this difference could pla-
usibly be attributable to the presence of an unsaturation in
the side chain, 1 and 2 were hydrogenated in neutral medium:
2 gave an 1:1 mixture of (20R,24S)-4q,24-dimethyi-cholest-7-
en-3B-01 (3) (7) and {20R,24R}-4a,24-dimethyl cholest-7-en-
38-c¢l {4) whereas hydrogenation of 1 gave an 1:1 mixture cof
two sterols whose data justify the attribution of the epime-

ric (208,248) (5) and (208,24R} (6) structures.

\\ 5 N2 6

A compariscen of high field lH—nmr spectra of 3 and 5 (4
and 6) showed +that H-21 was about 0.1 ppm upfield in the
isomeric (208) sterols according to the previous mentioned

data thus confirming the structure 1,
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ON THE EXISTENCE AND STABILITY OF A STEADY SOLUTION TO A
NONLINEAR INTEGRAL EQUATION OF THE PARTICLE TRANSPORT
THEORY

Nota di Gabriele Guerriero
Presentata dal Socio Salvatore Rionero
Adunanza del 2/12/89

Riassuntc. S1 dimostra un teorema di esistenza ed un
tecrema di stabilita’ asintotica per la soluzione
stazionaria di un'egquazione integrale non lineare

interessante la teoria del trasporto delle particelle
nell'ambitc dei modelli stocastici.

Abstract. The existence and asymptotic stability of
the steady solution tc a nonlinear integral equation of the
particle transport theory in the stochastic models 1is
proved.

1. Introduction.

The determination of the evolution of the one particle
distribution function f(x,v,t) in a gas of particles
diffusing in an infinite homogeneous medium through binary
collisions, has drawn the attention of many researchers.
The Boltzmann equation which determines f(x,v,t) 1is an
integro-differential eguation and has the following
standard form [4,11} :

(1) [6L+v-Vx+(F/m)-Vv]f(x,v,t)=c(f,f)

where m is the mass particle, F the external force and
C(f,f) 4is the collisional term that has been represented
in various different version. In this paper C(f,f) |is
supposed to satisfy the so-called scattering kernel

formulation [1]. Moreover we assume that

aj) F=0,9=f{x,v,t)=0




b) The cross section obey the k/v-law ( k positive

constant ).

c) At time t=0 , @Q particles { per unit volume )
are injected with the velocity distribution S(v) by
4 pulsed source Q*=Qs(v)é(t)1 .

Then, it is has been shown that [9-10] equation (1) is

equivalent to

-

ﬁ+ka=kJ I (v, v, v)E(v ,t)E(v ", t)dv dv""
Ra Ra
(2) 1
f(v, 0)=085(vD vov',v e Ra , tel[l,m)
In (2)
(3) Q=J f{v, t)dv
Ra

represent the number of particles injected in the medium
while v* ,v"*,v are the velocities before and after the
collisions respectively. The function =m(v',v'',v) is the
scattering probability distribution which is a non negative
function on RaxRaxRa, is summable respect to v and obeys

respectively the normalization and symmetry conditions:

(4)In(v',v",v3dv=l ’ n(vt, v, v)=n(v'", v, v
Ra

Eguation {2) can be integrated along the trajectory of

the particle to yield :

1'I‘he symbol &(t) represent the Dirac delta function.

Whithout less, of generality we adopt the normalization
Lo S(vydv=1.
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t
(5) £(v, t)=0S (¥ e“km+ke'km‘[ e"k“dgj J m(V* ¥ V)X

f(vu's)f(vp.’s)dv,dv., [=] RE Ra

The problem considered, has been, in the last years,
object of several ihvestigations aimed at focusing the
mathematical problems connected with the existence,
unigqueness and stability of the solutions. We recall that
in {2-3-6] the global existence and uniqueness of solutions
to eguation (2) has been given in the natural space If(Rs)
x[0,®). In {7-8] has been studied essentially the stability
of the solutions to eguation (2) (and some implications)
respectively in the space sz[o,m) and in the natural space
IfxEO,m). Let us recall that - in the case of Maxwellian
particles with a cut-off - for a spherically symmetric
interactien potential and for deterministic models based on
momentum and energy conservation laws, the homogeneous
usual Boltzmann equation is equivalent to equation (2) with
a suitable specified m [5,9-10]. But when one considers a
stochastic model, then = is unspecified.

In the present paper - in the framework of stochastic
models for which m is unspecified - we assume that the
scattering probability distribution n is expanding as power
series of a parameter £ and we define an iterative
constructive scheme leading to explicit solution of the
form of power series of =£. We then prove the existence of a
steady solution to eguation {2) and its Ifﬂésymptotic
stability. )

The paper 1is organized as follows. In Sect.2 we
introduce an iterative constructive scheme for the solution
to equation (2) while in Sect.3 we prove the existence of a
steady solution. Sects.4,5 are respectively dedicated to
the Lf—attractivity of the steady solution and its
Li-asymptotic stability. ' '

2. Solutions.

It is easily seen that when the scattering probability
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distribution is independent of the velocities before the

collision i. e.
(6) a{v*, v, v)=no(v) , Jro(v)dv=1
[Ra

The soluticn to equation (2) is [2]:

(7)  fo(v,t)=Q[mo(v)+( S(v)-mo(v) )& ]

In the sequel we shall assume:
Hypothesis I. The scattering probability distribution is
expanding about nme{v) as power series of a parameter

€, not necessarily small, according to

[+
(B)* (v ,v'* ,v)=ns(v)+ 2 g'ni{v' v ,v)
1=1

In order to satisfy equations (4) we require

(9) Ini(v,v",v)dv=0 r mL(V L,V v )RR (vt VT, Y)
Ra

It is then guite natural to seek a solution of equation
(2) in the form

@
(10) f(v,t)=fo(v,t)+ zszt(v,t)
1=41
with:
(11) Jfi(v,t)=0 ’ fi(v,0)=0
Ra

It is easy to verify that consequently the evolution

equations for fi (i=1,2,..) are

(12) 8Lt | xOfs =k[ [ m(v',v'r v)fe(v t)fe(v' T, t)dv dv"®

at Ra [Rsa
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afz

k [rz(v® ,v"* ,v)fo(v" ,t)fo(v"" ,t) +
'rI]EajliRa

+ 2mi(v* v, v)fo (v ,t)fa (v ,t)]dv dv"®

(14) % + kofa = k [ [ [ ra(v*,v** ,v)fo(v',t)fo(v"", L)+
Ra [Ra

+2mafo (v ,t)fz(v"" ,t)+2rz(v" ,v" " ,v)fo(v" ,E)fa(v" ", L)+
+ra(v® v v fa(vt ,t)fi(v" " ,t) ]dvidyv"”

i.e.,accounting for the (9)=z

afi s, k,L € N
(15) 2% + kofi = kZ [ [ me(v®,v** ,v)Ek(¥" ,t)x
afk+l=i [Ra [Ra
fu(v"® ,t)dv"dv"". (1=21,2,3, cx )
Recalling that »i ( i=0,1,2..) are known, from equation

(12) one obtains fi(v,t).Inserting fi(v,t) in (13) one
obtain fz(v,t) and so on.
Now we are in position to prove the following theorem:

Theorem 1. If 3 M>0 such that:

< M

(16) I_r an(v® ,v" " ,v)el (v )pz(v'® )dv dv®®
Ra

Vei(v) : [ ei(v)dy £ Q i=1,2
Ra

and moreover holds (8) with &<1/M ,then the series

o8] <
(17) f(v,t)=fo(v,t)+§: e'fi(v,t) , e<l/M

L=1

(where fi(v,t) -are f'-solutions ‘to -the 4dnitial value
problem (15)-(11)z),is a.e. uniformly convergent  in
Rax[0,w] .Moreover (17) can be differentiated (respect to t)
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term by term, is termwise IL'-summable (respect to v) and is

soclution to equations (2).

Proof. By equation (15) and the hypothesis of the theorem

we obtain:
(18) [£n(v,t)| < n®M*/Q
Then for e<l/M series (17) saccordingly to the

Weierstrass'test,is a.e. uniformly convergent in Rax{0,w].

Moreover by equation (15) we obtain

dfn{v,t) < 2, M
(19) EE______I < 2kn'M
hence derivative series is uniformly convergent and (17)

c¢an be differentiated,respect to t,term by term.Finally one
verify easily that this series 1is termwise L* summable

(respect teo v) and is solution to equation (2).
3. Existence of the steady solution.
Let us consider now the steady version of equation (2):

(20) E(v)=(L/Q)[ [ (vt ,vrr v E(v ) (v )dvidvt?
Ra [Ra

We are now in position to prove the following theorem:

Theorem 2. Let assumptions of theorem 1 hold.Then exists

& solution to eqguation (20).

Froof. Let us consider the function
@

(21) M(v):Mo(v)+Z M (V)
1=

where

(22) Mo {v) =Qrto (v}

i r ¢ - =iy
4 . . AT
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(23)  MO)=/Qf [ m(v v v Me (v e (vt v dvt
3 a

(24) m(v)=(1/t;3)fER IR[nz(v° VU VI Me (v )Mo (VL)
a 3

+ 2mi{vt vt v iMe (v L} Mi (vt L) Jdvtdvt

Substituting (21) in (20} and taking into account theorem 1
follows that series (21} is a.e. uniformly convergent in
Rax[0,w]}, termwise L'-summable - (respect to ¥ ) and is

solution to equation (20).
4, Attractivity of the steady sclutlon.

Thecrem 3. Let us assume the wvalidity of thecrem 1.If 3
i (v’ ,v*" ,v)eL'(Rs) (¥v) ,such that:

{25) }nL(v',v",v)Q&(v')i&(v")iﬁ@t(v,v",v)

V IL(v) IR T(v)dv £ Q
a

then indicated by f(v,t) a solution to equation (2) exists

the limit:

(26) Lim (v, t)=M(v a.e.

im
R
and does not depend on the initial data.

Proof. Integrating eguation (12) and taking into account

the initial condition fi{v,t)=0, we have:

t
(27) f1 (v, t)=ke [ e*°F(s)ds
o AR
where
(28) Fi(t)=f I ni(v',v",v)fo(v',t)fo(v",t)dv?dvf’.
Ra [Ra
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But equation (7) implies:

(29) lim fo(v,t)=0mo(v)

and by equatijon (27) we easily obtain
(30) 1

m fi(v,t)=lim Fi(t)/Q

Now for the hypothesis of the theorem is possible to

apply the Lebesque's theorem and to obtain

(31) %;g_Fi(t)=szR fm e (v ,v" ", vime (v Ja{v' " Jdvidv' "t =
3 a3

=Hi{v).
Analogously for the other terms fi{v,t), we easily obtain
(32) 3 Hi(v) : %}g fi(v,t)=Hi(v> a.e. i=2,3,...
then, taking intoc account theocrem 1, follows:
(33) %ig f{v,L)=M{vd ,a.e.
and the theorem is completely proved.

Let f{v,t) and g{v,t)=f+u be two solutions to eguation

{2) corresponding respectively to the initial data (2)z and
(34) gi{v,0)=08(v)+us(vd.
Indicated by

(35) fut=[  ju(v,t)|dv
Ra
the L'-norm of the perturbation u(v,t) to the basic

solution,let us recall the definition of unconditional

attractivity.

Definition 1. The solution f(v,t) is called
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unconditionally attractive if
{36) %}g la{v,t)l=0.

Theorem 4. Let the assumptions of theorem 3 hold.If
exists a function ¢(v)=L‘(Ra) such that:

(37) T{v,t)sg{v,t) a.e.

then the steady solution to egquation (2) is
unconditionally attractive in the L'-norm.

Proof. Because

1i

lim £(v,t)=M(v) a.e.

by the hypothesis of theorem it follows that M(v)eL'(Ra)

and:

(38) lim J 1£(v,t)-M(v)|dv=0
Ra

then

(39) %}g I a(v,t) =0

and the theorem is proved.

5. Li-Asymptotic Stablility.

We start recalling the definitions of continuous

dependence and stabil ity in the L'-norm according to
Liapunov.
Definition 2. The solution £ is said to depend

continuously on the initial data, 1ff
(40) ¥T,s >0 3 &(2,TF)>0 : llusli<é = lu(v,t)l<ec VEe[0,T]
Definition 3. The sclution f is said to be stable, with
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respect to the initial data iff
(41) Ye>0 3 S(g) & Huell<e lu(v,t)l < & V te[l,m)

Definition 4. The solution f is called asymptotically
stable if it is both stable and attractive.

Theorem 5. Suppose that assumptions of theorem 4 are
verified. Then the solution M(v) to equation (2) is
uniformly asymptotically stable in L'-porm.

Proof. Since the steady solution 1is wunconditionally

L*-attractive we have:
(i) ¥ £>0 3 T>0 : t>T = iu(v,t)l<e .

Moreover the solutions to equation (2) depend continuously

on the initial data in the L'-norm [7] i.e.:
(ii) Y £>0,T>0, 3 6>0 : lucii<é = lu(v,t)i<e’ te[l, =)

by (i) and (ii) (41) follows. Therefore accounting for

theorem 4, theorem 5 immedi&tely follows.
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